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LOI NOI PAU

Gido trinh dugc viét theo ndi dung mon hoc “ Ky thuit 1ap trinh ning cao” véi muc
dich lam tai liéu tham khao chinh cho moén hoc.
Gido trinh gdm 2 phan chinh va mot phu luc :
Phdn I. D& quy.
Trinh bay vé chli d& dé quy trong 1ap trinh bao gdm cdc ndi dung sau :

- Khdiniém dé quy va vai tro cla né trong 1ap trinh.

- C4ch xay dung mot gidi thuat cho mot bai todn biing phuong phdp dé quy.

- Co ch€ thyc hién mot gidi thudt dé quy.

- Kht dé quy.

Phén II. Ki€m chiing chuong trinh.
Trinh bay vé chii dé ki€m ching tinh ding ctia chuong trinh bao gdm cic ndi dung
sau:

- Vai tro clia vin dé kiém chitng trong 14p trinh.

- Céc phuong phip dung d€ ki€m chitng tinh ding .

- Hé luat Hoare va 4p dung cdia né vio ki€m chiing tinh ding c6 diéu kién.

- Hé luat Dijkstra va 4p dung ctia n6 vao ki€m chitng tinh ding day di.

- Dang tdng quat clia bai todn ki€m chitng va phuong phap ki€m chitng. Cic lugc

db kiém chitng va tap tdi thi€u cic diéu kién cAn ki€m chitng.
Phu luc . C4c ki€n thic chung vé logic.

Trinh bay cdc ki€n thitc ban dau vé logic ménh dé va logic tan tir. Phu luc cung cip
mdt mot tai liéu co6 dong vé céc ki€n thic logic 4p dung truc ti€p trong phan I va phin
II ( n6 12 mdt phan nodi dung clia gido trinh nhadp mdn todn) ngudi hoc can danh thdi
gian thich hgp 6n lai d€ c6 thé theo kip huéng ti€p cin cda gido trinh.

Cung vdi nhitng trinh bay 1y thuyét tdng quat, tic gia dwa vao mot s6 thda ding cic
vi du chon loc nhiim gitip ngudi hoc nim bit dudc ban chit clia cdc khdi niém, cdc
phuong phdp méi va 1am quen véi cdch sit dung céc k&t qiia méi. Khi hoc trude khi tim
cach gidi cdc bai tap clia thAy giao cung cAp cdc ban c¢d ging doc va hiéu hét cdc vi du
minh hoa.

Vi nhiéu 1& chic chidn gido trinh con nhiéu khi€m khuyé&t. RAt mong tit cd moi
ngudi st dung chan thanh gép y.

Téc gid chin thanh cdm on cidc dong nghiép trong khoa Todn_Tin di déng gép
nhiéu y ki€n quy bau cho viéc hinh thanh ciu tric chi ti€t cho ndi dung gido trinh,
chan thanh cdm on thac s§ Vo6 Tién da déng gép nhiéu y ki€n quy b4u trong ciu tric
gido trinh, gidp chinh 1y nhi€u khi€m khuyé&t trong ban th3o.

balat ngay 01 thiang 12 ndm 2002

TRAN HOANG THO
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PHANI

PE QUY

CHUONG 1
KHAI NIEM PE QUY

L. MO PAU

1. M6 ta dé quy

Trong nhiéu tinh huéng viéc mo td cic bai todn, cdc gidi thuit, cdc su kién, cic su
vt cdc qud trinh, cdc cdu tric, . . . s& don gidn va hiéu qud hon néu ta nhin dudc né
dudi géc do mang tinh dé qui.

Mb td mang tinh dé qui vé mot doi tuong 12 md td theo cdch phan tich ddi tugng
thanh nhiéu thanh phan ma trong s6 cdc thanh phin c6 thanh phan mang tinh chit clia
chinh d6i tugng dude mo ti. Tic 1a mo ta d6i tugng qua chinh né.

Cacvidu:

- Mo t4 dé quy tap so tu nhién N :
+S611asdtynhién (1 eN).
+S6 tu nhién bing s6 tuw nhién cong 1 .
(neN= (n+l)eN)
- Mb ti dé quy ciu tric xau (list) kiéu T :
+ Cau tric rdng 1a mot xau kiéu T.
+ Ghép ndi mdt thanh phan ki€u T(nit ki€u T ) v6i mot xau kiéu T ta c6 mot
xau kiéu T.
- M6 ta dé quy cay gia pha : Gia pha clia mot ngudi bao gdm mgudi d6 va gia pha
ctia cha va gia pha cia me.
- M6 ta dé quy tht tuc chon hoa hiu :
+ Chon hoa hiu cida tirng khu vuc.
+ Chon hoa hiu ctia cdc hoa hiu.
- Mo t& dé quy thd tuc sip ting didy a[m:n] ( ddy a[m], a[m+1], . . ., a[n] ) bing
phuong phap Sort_Merge (SM) :
SM (a[m:n]) = Merge ( SM(a[m : (n+m) div 2]) , SM (a[(n+m) div 2 +1 : n] )
Véi : SM (a[x : x]) la thao tdc réng (khong 1am gi cd ).
Merge (a[x : y], a[(y+1) : z]) 1a thd tuc tron 2 ddy ting a [x : y], a[(y+]) :
z] @€ dugc mot day a[x : z] ting.
- Binh nghia dé quy ham giai thta FAC(n)=n!
0!'=1
n!=n*(n-1)!

Tran Hoang Tho Khoa Todn - Tin
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Phudng phdp d& quy manh & chd né cho phép md td mot tap 16n cac ddi tugng chi bsi
mdt sd it cic ménh dé hodc md td mot gidi thudt phite tap bing mdt sd it cdc thao tic
(mdt chuong trinh con dé€ quy).

Mot mo td dé quy day dd gém 2 phan :

- Phin neo : md ta cdc trudng hop suy bi€n cla do6i tugng (gidi thuat) qua mot
ciu tric (thao tic) cu thé xdc dinh .
vi du: 113 s& tu nhién, cau tric rong 12 mdt xdu ki€u T, 0! =1, SM (a[x:x])
1a thao tdc rong.
- Phin quy nap: mo td d6i tugng (gidi thudt) trong trudng hdp phd bién thong qua
chinh d6i tugng (gidi thuat ) d6 mot cach truc ti€p hoidc gidn tiép.
Vidu:n!=n*m-1)!
SM (a[m:n]) = Merge (SM (a[m:( m+n) div 2], SM (a[(m+n) div 2 +1 : n]) )
Né&u trong md t4 khong c6 phan neo thi ddi tugng mo ta c6 ciu tric 16n vo han, gidi
thudt mo t4 tr§ thanh ciu tric lip vo tan.

2. Cac loai dé quy

Ngudi ta phdn dé quy thanh 2 loai : P& quy truc ti€p, dé quy gidn tié€p.
- Bé quy truc ti€p 1a loai dé quy ma doi tugng dude mod ta truc ti€p qua nod :
A md td qua A, B, C,...trong d6 B, C, ... khdng chita A. (cdc vi du trén).
- Pé quy gidn ti€p 1a loai d&é quy ma ddi tugng dude md ta gidn ti€p qua nd :
A md td qua A ,A,,..., A, .Trong d6 c6 mdt A; dugc mod ta qua A.
Vidu I:
Mo td dang tong quat mot chuong trinh viét trén NNLT Pascal :
Mot Chuong trinh Pascal gom :
a) Pau chuong trinh (head) gdbm: Program Tén ;
b) Than chuong trinh (blok) gém :
bl) Khai b4o unit, dinh nghia hing, nhin, ki€u dit liéu, khdi bio bién.
b2) Pinh nghia cdc chuong trinh con gém :
b2.1) Pau chuong trinh con :
Procedure Tén thi tuc ( danh sdch thong s6 hinh thic ) 3
hodc Function Tén ham ( danh sdch thong s& hinh thic ) : Kiéu ;
b2.2) Than chuong trinh con ( Blok )
b2.3) Dau ;¢
b3) Phan 1&énh : 12 mot 1énh ghép dang :
Begin S1;S2;.. .;Sn End;
c¢) Dau két thic chuong trinh : ¢’
Vidu2: Mo t4 haidiy sd {X,},{Y,} theo ludt dé quy hd tuong nhu sau :
Xo=1 ; Xo=Xp1+ Yo
Yo=1 ; Yo=n’Xpi+ Yo1;
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1. MO TA PE QUY CAC CAU TRUC DU LIEU

Trong toan hoc , trong lap trinh ngudi ta thudng sit dung dé quy dé mo ta cic
cAu tric phtc tap, c¢6 tinh dé quy . Bdi md td dé quy khong chi 1a cdch md td ngin gon
cédc ciu tric phifc tap ma con tao kha ning dé xay dung céc thao tdc x{t 1y trén cdc cdu
triic phifc tap bing cdc gidi thuat dé qui . Mot cau tric dif liéu c6 tinh dé quy thudng
gdm mot s6 thanh phan dif liéu ciing ki€u dugc ghép ndi theo cling mdt phuong thifc .

Vidu I:
M6 ta dé quy cdy nhi phan :
CAy nhi phan kiéu T :
+ Hoi#c 12 mdt ciu tric rdng (phin neo).
+ Hodc 12 mot nidt ki€u T (ndt gdc) va 2 ciy nhi phidn ki€u T rdi nhau (cay
con nhi phan phdi, cdy con nhi phin trdi) k€t hgp v6i nhau .
Vidu 2:
MBb ta dé quy mang nhiéu chiéu :
+ Mang mot chiéu 12 diy c6 thit tif cic thanh phan ciing ki€u .
+Mang n chiéu 12 mang 1 chiéu ma cdc thanh phan c6 ki€u mang n-1 chiéu .

I11. MO TA PE QUY GIAI THUAT

1. Giai thuat dé quy.

Gidi thuat dé quy 1a gidi thudt cé chita thao tdc goi dén né . Gidi thuit dé quy cho
phép md td mdt diy 16n cédc thao tdc bing mot sd it cdc thao tdc trong d6 cé chita thao
tic goi lai gidi thuat (goi dé quy) .

Mot céch tong quit mot gidi thuat dé quy dudc biu dién nhw mot bo P gdm ménh
dé S (khong chita yéutd dé quy)vaP: P = P[S,P].

Thuc thi gidi thuat dé quy c6 thé din t6i mot tién trinh goi dé quy khong két thic
khi né khong c6 khd ning gip trudng hdp neo, vi vy quan tAim dé&n diéu kién dirng
clia mot gidi thuat dé quy ludn dudc dit ra . PE ki€m soat qida trinh goi dé quy cia
gidi thuat d& quy P ngudi ta thudng gin thao tic goi P vdi viéc ki€m tra mot diéu
kién B xdc dinh va bi€n ddi qua mdi 1an goi P, qua trinh goi P sé dirng khi B khong
con thda.

Mo hinh tdng quit ctia mot giai thuat d& quy vdi s quan tim dé&n sy dirng sé 13 :
P = if B then P[S,P]
hoac P = P[S,if B then P]

Thong thudng vé6i gidi thuat dé quy P, @€ ddm bdo P sé dirng sau n 1an goi ta chon

B 1a (n>0).Mo hinh gidi thuidt dé quy khi d6 c6 dang:
Pn) = If (n>0) then P[S,P(n-1)];
hoic Pn) = P[S, if(n>0) then P(n-1)];

Tran Hoang Tho Khoa Todn - Tin
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Trong c4c ng dung thuc t&€ s6 1an goi d& quy (dd sdu dé quy) khdng nhitng phdi hitu
han ma con phdi di nhé . BSi vi mdi 1An goi dé quy s& can mdt viing nhéd méi trong khi
viing nhé cii van phai duy tri .

2. Chuong trinh con dé quy.

a) Cdc ham dé quy.
Pinh nghia ham s& biing dé quy thudng gip trong todn hoc, dién hinh 13 cic ham
nguyén md ti cdc diy sd hdi quy .
Vidul.
Daycacgiaithra: {n!} = 1,1,2,6,24,120,720,5040,...
Ky hiéu FAC(n)=n!.
Tacé: +FACWO)=1; (0! =1)
+FAC(n)=n*FAC(n-1); (n!=n*(n-1)!) vfin>=1
Gidi thuat dé quy tinh FAC(n)la :
FAC(n) = if(n=0) then return 1 ;
else return (n * FAC(n-1));
Vidu?2.
Day s6 Fibonaci(FIBO) :
{FIBO(n)} = 1,1,2,3,5,8,13,21,34,55,89,144,233,377,...
+ FIBOO)=FIBO(1)=1;
+FIBO(n)=FIBO(n-1)+FIBO(n-2); vfin>=2
Giai thuat dé quy tinh FIBO (n)la :
FIBO(n) = if(n=0)or(n=1)) then return 1;
else return ( FIBO (n- 1)+ FIBO (n-2));

Vidu 3. Diy cdc td hop :
1
1 2 1
1 3 3 1
1 4 6 4 1
C) = 1 véin>=0
Cl' = 0 v6i m>n>0
cr=cml'+ch, véi n>m>0

Gii thuat @& quy tinh C' 1a:
if(m=0) then return 1 ;
else if (m>n) then return O ;
else return (C' +CM, )
Nhian xét :
Mbt dinh nghia hAm dé quy gém :

Tran Hoang Tho Khoa Todn - Tin
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+ Mot s6 céc trudng hgp suy bi€n ma gia tri ham tai d6 da dugc biét trude hoic
c6 thé tinh mot cach don gian (khong dé quy ) .
Nhu :
FAC(0)=1,FIBO0)=FIBO(1)=1,C% =1,C™ = 0 véi m>n>0.

+ Trudng hop tong quit viéc tinh him sé dudc dwa vé tinh him & gid tri ** bé
hon” (gan véi gid tri neo) clia ddi s6 .
Nhu :
FAC(n)=n*FAC(n-1);
FIBO(n) = FIBO(n -1) + FIBO(n -2 ).

Trong tip bi€n clia ham c6 mdt nhém ma dod 16n clia né quyét dinh do phic tap cla
viéc tinh gia tri hAm . Nhém bi€n d6 goi 12 nhém bi€n diéu khién . Gia tri bién cla
nhém bié€n diéu khién tng véi trudng hop suy bi€n . Gia tri cia nhém bién diéu khién
sé thay d6i qua mdi 1an goi dé quy vdi xu huéng ti€n d&n gia tri bién ( tuong Gng véi
céc trudng hgp suy bién ctia ham ).

b) Cdc thii tuc dé quy.
Thi tuc dé quy 12 thd tuc c6 chita 1énh goi dén né . Thi tuc dé quy thudng dudc sit
dung @€ mo ta cdc thao tdc trén ciu tric dif liéu c6 tinh dé quy
Vidu1:
Xem day n phﬁn t a[1:n] 12 sy k&t hgp gitta day a[1:n-1] va a[n] .
Do do’:
- Thii tuc tim max trong diy a[l:n] ( thi tuc TMax) c6 thé thuc hién theo

luat dé qui : + Tim max trong day con a[1:n] (goi d¢ quy Tmax(a[l:n-1])).
+ Tim max ctia 2 s6 : Tmax(a[l:n-1]) va a[n] (gidi thuat khong dé quy).
Tuc la :

TMax(a[1:n]) = max(TMax(a[1:n-1]), a[n] )
véi TMax(a[m:m] = a[m] ; ( trudng hgp neo )
max(x,y)= x>y ?x:y; ( gidi thuat tinh max 2 s6 : if (x>y) then
max(x,y) =x else max(x,y)=y )
- Thii tuc tinh t8ng cdc phan tif ( thd tuc TSUM ) ¢6 thé thyc hién theo luit dé

quy :

+ Tim tf;ng day con a[l:n] (goi dé€ quy TSUM(a[l:n-1])).

+ Tim tdng cia 2 s6 : TSUM(a[l:n-1]) va a[n] (gidi thuat khong dé
quy)

TSUM(a[1:n]) = a[n] + TSUM(a[1:n-1]
v6i TSUM(a[m:m]) = a[m]
Vidu2:
Xem day a[m : n] 12 su két noi giita hai diy: diy a[m:((m+n) div 2)] va
day a[(((m+n) div 2)+1) :n].

Tran Hoang Tho Khoa Todn - Tin
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Do do’:
- Thii tuc tim max trong diy a[1:n] ( thd tuc Tmax1) c6 thé thuc hién theo luit
dé qui :
+ Tim max trong day con trdi a[m:((m+n) div 2)]
(goi dé quy Tmax1(a[m:((m+n) div 2)] ) ).
+ Tim max trong day con phai a[(((m+n) div 2)+1) :n] .
(goi dé quy Tmax1(a[(((m+n) div 2)+1) :n] ).
+ Tim max cda 2 s0 : Tmax1(a[m:((m+n) div 2)]) va
Tmax1(a[(((m+n) div 2)+1) :n]). (gidi thuat khong dé quy).
Tac la :Tmax1(a[m:n]) =
max(TmaxI(a[m:((m+n) div 2)] ) ,Tmax1(a[(((m+n) div 2)+1) :n]) ).
véi TmaxI(a[m:m] = a[m] ; ( trudng hgp neo )
max(x,y)= x>y ?x:y;

- Thi tuc tinh tdng cdc phan ti ( TSUMI1 ) c6 thé thuc hién theo lut dé quy :
+ Tim tf;ng day con trdi a[m:((m+n) div 2)]
(goi dé quy TSUMI (a[m:((m+n) div 2)] )).
+ Tim tf;ng day con phai a[(((m+n) div 2)+1) :n].
(goi d¢ quy TSUM1 (a[(((m+n) div 2)+1) :n])).
+ Tim tdng ctia 2 56 :
TSUMI (a[m:((m+n) div 2)] ) va TSUMI1 (a[(((m+n) div 2)+1) ] ).
Tacla : TSUMI1 (a[m:n]) =
TSUMI (a[m:((m+n) div 2)]) + TSUMI1 (a[(((m+n) div 2)+1) :n])
véi TSUMI (a[m:m]) = a[m]
Vidu 3:
CAy nhi phan tim ki€m ki€u T(BST) 1a mot c4u tric gom : mot niit ki€u T két nSi
vGi 2 cay con nhi phin tim ki€m ki€u T nén :
- Thu tuc quét cAy nhi nhan tim ki€m theo thit ty giita (LNF) Ia :
+ Quét cay con trdi theo thi ty gifta ;
+ Thim nit goc ;
+ Quét cay con phdi theo thd tu giira ;
- Thi tuc tim ki€m gi4 tri o, trén cAy nhi phan tim ki€m Root 12 :
Néu Root = @ thi thyc hién thao tdc rdng (khong lam gi )

Con khong
néu gia tri tai nit goc = a,, thi thong bdo tim thdy va ding
Con khong

néu gia tri tai nit goc < a, thi im & ciy con tréi
Con khong thi tim § ciy con phai .
Nhan xét :
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Trong mot thd tuc dé qui, d€ cho viéc goi dé quy dirng lai sau hitu han 1in goi né
can chia diéu kién ki€m tra (mot biéu thifc boolean B trén mot nhém bién ), dé khi
diéu kién nay khong con thda thi viéc goi dé qui két thiic .

Dang thudng gip cla thd tuc dé quila :

Si ; (khong chita yé&u t6 dé qui)
if B then S, (phan lénh tryc ti€p , khong c6 1énh goi dé qui )
else Sdq ; (phinlénh cé 1énh goi dé qui)
S3 ;  (khong c6 goi dé qui )

3. M3 héa giai thuit dé qui trong cdc ngén ngix 1ap trinh.

a) Téng quan.

Khong phii moi ngdn ngit 14p trinh hién c6 déu c6 thé ma héa dugc gidi thuat dé
quy, chi modt s6 nhitng ngdn ngit 1ap trinh c6 kha ning t3 chitc viing nhé ki€u stack
mdi c6 khd ning ma héa dugc giai thuat dé quy .

Céc ngdn ngit 1ap trinh hién nay déu ma héa gidi thuat d& quy bing cich t6 chifc cic
chudng trinh con & quy tuong tng .

b) Thé hién dé qui trong NNLT PASCAL va C++

NN LT Pascal va C++ déu cho phép mi héa gidi thuat dé quy bing cich t6 chifc
chuong trinh con dé quy nhd vao co ché tao viing nhé Stak cia phAn mém ngdn ngi .

bl) Trong NNLT C++.

NNLT C++ cho phép ma héa gidi thuidt d& quy mot cach thudn 1gi nhd vao ky thuét
khai bdo trudc tiéu dé nén khong cé sy phan biét hinh thifc ndo trong viéc khai bdo
gitta ham con dé quy va ham con khong dé quy.

b2) Trong NN LT Pascal .
D6i véi chuong trinh con dé quy tryc ti€p thi hinh thitc khai bdo ciing gidng nhu doi
v6i chudng trinh con khong dé€ quy.

D3&i v6i chuong trinh con dé quy gidn tiép thi hinh thifc khai bao c6 thay ddi it nhiéu
nhim thda quy tic tAm vyc cda ngdn ngft ( trong phin 1&énh cia mdt chuong trinh con
chi dudc goi nhitng chuong trinh con cling c4p da dugc khai bdo trude ).

Vidu:

V61 m6 hinh chuong trinh sau :
Trong phan 1énh clia khdi A c6 thé goi dén :
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Program + Goi cdc chuong trinh con tryc ti€p clia né

E goi dugc B nhung khong goi dugc C
+ Goi chinh né ( goi dé quy ).
+ Goi chuong trinh con cling cAp nhumg

A phai khai bdo truéc goi dugc E nhung

B khong goi dugc D, Mudn goi D phdi
C khai bdo trude ( khai bAo FORWARD)
D

DE tir thd tuc ham A c6 thé goi d&€n D 1a thd tuc ham cling cip nhung dugc mo ta sau
A, ta can c6 mdt khai bdo trudc clia D & phia trude clia A . Khai bdo nay gom : tiéu dé
cia D, v6i danh sdch thong s& clia D, ti€p theo 1a tir khosa FORWARD . Sau d6 lic
md ta lai D thi chi cAn khai bdo tit khoa PROCEDURE ( hoic FUNCTION ), tén ciia
D (khong cé6 danh sich thong sd ), phan than ciia D.
Vi du : V6i 2 thii tuc goi dé quy hd tuwong nhau FIRST,SECOND sé& dudgc khai bdo
nhu sau :
procedure SECOND (i : integer ) ; Forward ;
procedure FIRST (n : integer ; var X : real);
var j, k : interger ;
begin
for j:= 1 to n do begin
writeln(‘j="%j);

k ==n-2%j;
SECOND(k );
end ;
end ;
procedure second ;
begin
if (1>0) then begin
writeln(‘ i= “,1);
FIRST(i-1) ;
end ;
end ;
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4. Mot s6 dang giai thuit dé quy don gian thuong giip .

a) B¢ quy tuyén tinh.
Chuong trinh con dé quy tuyén tinh 1a chuong trinh con dé quy tryc ti€p don
gidn nhat c6 dang :
P= { NEU théa diéukiéndimg thi thuchién S ;
Con khdong begin { thyc hién S*; goi P }
}

Véi S, S*1a cdc thao tdc khong d¢ quy .

Vidu 1 : Him FAC(n) tinh s6 hang n ctia dday n!
+ Dang ham trong ngdn ngit ma gia :
{ Néu n=0 thi FAC = 1; /* trudng hdp neo */
Con khong FAC =n*FAC(n-1) }
+ Dang ham trong ngdn ngit Pascal :
Function FAC(n : integer) : integer;
begin
if(n=0) then FAC :
else FAC :

1
n*FAC(n-1) ;

end;
+ Dang ham trong C++ :
int FAC(int n)
{ if(n==0) returnl;
else return (n * FAC(n-1));
}
Vidu2:
Chudng trinh con tinh USCLN ctia 2 s6 dua vao thuit todn Euclide :
+ Dang ham trén ngdn nglt todn hoc :
USCLN(m,n) =USCLN(n,m mod n ) khi n# 0
USCLN(m,0) = m
+ Dang ham trong ngén ng ma gia :
Néu n=0 thi USCLN =m
Con khéng USCLN USCLN(n,mmodn) ;
+ Dang ham trong Pascal :
Function USCLN(m , n : integer ) : integer ;
begin
if (n=0) then USCLN := m
else USCLN := USCLN(n,m modn);

end ;
+Dang ham trong C++ :
int USCLN(int m,int n )
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{ if(n == 0) return (m) ;
else return (USCLN(n, m mod n)) ;
}

b) D¢ quy nhi phdn.
Chudng trinh con dé quy nhi phin la chuong trinh con dé quy truc ti€p c¢6 dang :
P= { NEU théa diéukiéndimg thi thyuchién S
Con khong  begin { thyc hién S*; goiP; goiP }
}

Véi S, S*1a cdc thao tac khong dé quy .

b

Vidu 1 : Him FIBO(n) tinh s6 hang n cta diy FIBONACCI
+ Dang ham trong Pascal:
Function F(n : integer) : integer;

begin
if(n<2)then F:=1
else F:= F(n-1) + F(n-2)
end;

+ Dang ham trong C++ :
int F(int n)
{ if(n<2) return 1 ;
else return (F(n-1)+ F(n-2));

}

¢) B¢ quy phi tuyén.
Chuong trinh con dé quy phi tuyén 1a chuong trinh con dé quy tryc ti€p ma 15i goi

dé quy dudc thuc hi€én bén trong vong lap .

Dang tong quit clia chuong trinh con dé quy phi tuyé&n 1a :

P= { for gidtridiu to gidtri cudi do
begin thyc hién S;
if ( thda diéu kién dirng ) then thyc hi€én S*
else goi P

end ;
}
Véi S, S*1a cdc thao tdc khong d¢ quy .
Vidu :
Cho ddy { X, } xdc dinh theo cong thiic truy hdi :
Xo=1 ; Xp=0’Xo+0-1Xi+ . . . +2* X2 + 12X

+ Dang ham dé quy tinh X, trén ngbén ngdt ma gia 1a :
Xa= 1f(n=0) then return 1 ;
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else {tg=0 ;
for i=0 to n-1 do tg=tg+ (-’ X; ;
return tg ;
}

+ Dang ham dé quy tinh X, trén ngdn ngit Pascal 1a :
function X( n :integer) : integer ;
var 1i,tg:integer ;

begin
if(n=0) then X := 1
else
begin tg=0 ;
for 1: =0 to n-1 do tg:=tg+ sqr(n-i) *X(i) ;
X = tg;
end ;
end ;

+ Dang ham dé quy tinh X, trén ngdn ngdt C++ 1a:
int X(int n) ;
{ if(n==0) return 1;
else { int tg=0 ;
for (int i=0;i<n;i++) tg =tg+ sqr(n-i) *X(i);
return (tg ) ;

}
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CHUONG II
BAI TOAN PE QUY

L. CAC NOI DUNG CAN LAM PE TIM GIAI THUAT PE QUY CHO
MOT BAI TOAN.

Pé xay dung gidi thuit gidi mot bai todn c6 tinh dé quy bing phuong phip dé quy ta
can thyc hién tudn ty 3 ndi dung sau :
- Thong s& héa bai todn .
- Tim cdc trudng hdp neo ciing gidi thuit gidi tuong dng .
- Tim gidi thuat gidi trong trudng hgp tdng quit bing phan rd bii todn theo ki€u
dé quy.

1. Thong s6 hoa bai toan.

Téng quat héa bai toan cu thé cin gidi thanh bai todn tdng quat (mot ho cic bai todn
chita bai todn cAn gidi ),tim ra cdc thong s6 cho bai todn tdng quit dic biét 12 nhém
cdc thong sd bi€u thi kich thudc clia bai todn — cdc thong s& diéu khién ( cdc thong sd
ma do 16n clia ching dic trung cho d6 phifc tap clia bai todn , vad gidm di qua mdi l1an
g0i dé qui ) .

Vidu: n trong ham FAC(n); a,btrong ham USCLN(a,b) .

2. Phat hién cic truong hgp suy bién (neo) va tim giai thuit cho cac
truong hgp nay.

Piy la cdc trudng hdp suy bién clia bai todn tdng quat , 1a cic truong hop tuong Gng
vdi cdc gia tri bién clia cdc bi€n diéu khién (trudng hop kich thudc bai todn nhd nhat),
ma gidi thuat gidi khong dé qui (thudng ra't don gidn).

Vidu:

FAC(1) =1, USCLN(a,0) =a, SM(a[x:x] = ,TSUM(a[m:m]) = a[m]|

3. Phan ri bai todn téng quit theo phuong thiic dé quy.

Tim phuong 4n (gidi thuit ) gidi bai todn trong trudng hop tdng quat bing cach phian
chia n6 thanh cdc thinh phin ma hoic cé gidi thuit khong dé quy hoic 12 bai todn
trén nhung c6 kich thugc nhd hon.
Vidu: FAC(n)=n * FAC(n-1) .
Tmax(a[1:n]) = max(Tmax(a[1:(n-1)]), a[n] )
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1. MOT SO BAI TOAN GIAI BANG GIAI THUAT PE QUY PIEN
HINH.

1. Bai toan thap Ha Noi .

Truyén thuy&t k€ ring : Mot nha todn hoc Phdp sang thim Pong Dudng d€n mot ngodi
chia c6 & Ha Noi thdy cdc vi su dang chuyén mot chong dia qiy gdm 64 dia véi kich
thudc khac nhau tir ct A sang cdt C theo cich:

- M&i lan chi chuyén 1 dia .

- Khi chuyén c6 thé diing cot trung gian B .

- Trong sudt quda trinh chuyén cdc chdong dia & cac cot luon duge x&p ding (dia
¢6 kich thudc bé dugce dit trén dia co kich thude 16n ) .
Khi dudc hdi cdc vi su cho biét khi chuyén xong chong dia thi d&€n ngay tin thé !.

Nhu s& chi ra sau ndy vdi chdng gdm n dia cdn 2" - 1 14n chuyén cd ban (chuyén 1
dia ).

Gi4 st thdi gian d€ chuyén 1 dfa 12 t gidy thi thdi gian d€ chuyén xong chdng 64 dia
sé la:

T=(2%-1)*tS=184*10" *t S

V6i t=1/100s thi T=5.8%10" nim = 5.8ty nim .

Ta c6 thé tim thdy gidi thudt (ddy cdc thao tdc cd ban ) cho bai todn mot cach dé
dang tng v6i trudng hop chong dia gdm 0, 1, 2, 3 dia . VGi chong 4 dia gidi thut bai
todn da tr§ nén phic tap . Tuy nhién gidi thuat cda bai todn lai dugc tim thdy rit dé
dang nhanh chéng khi ta khdi quéat s& dia 1a n bAt ky va nhin bai todn bing quan niém
dé quy .

a) Thong s héa bai todn .

Xét bai todn & mic tdng quit nhit : chuyén n (n>=0) dia tir cdt X sang cot Z
14y cot Y lam trung gian .

Ta goi gidi thuit gidi bai todn & mic tong quat 13 thi tuc THN(n ,X ,Y,Z) chita 4
thong s6 n,X,Y,Z ; n thudc tp sd tv nhién N (ki€u nguyén khdng diu ); X ,Y,Z thuodc
tap cac ky ty (kiéu ky tu ).

Bai todn ¢d & trén sé dudc thuc hién bing 15i goi THN(64,A,B,C) .

Dé thay riing : trong 4 thong s clia bai todn thi thong s6 n 12 thdng s& quyét dinh do
phtic tap clia bai todn ( n cang 16n thi s& thao tic chuyén dia cing nhiéu va thi ty thuc
hién chiing cang khé hinh dung ) , n 1a thong s6 diéu khién .

b) Truong hop suy bién va cdch gidi .

Vi n =1 bai todn tong quit suy bién thanh bai toin don gidn THN (1,X,Y,Z) : tim
diy thao tic d€ chuyén chdng 1 dia tir cot X sang cot Z 18y c¢ot Y 1am trung gian . Gidi
thuat gidi bai toan THN (1,X,Y,Z) 1a thyc hién chi 1 thao tic cd ban : Chuyén 1 dia tir
X sang Z (ky hiéula Move (X,Z2)).
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THN(1,X,Y,Z) = { Move(X,Z)}

Chii y : Hoan toan tudng tu ta ciing c6 thé quan nién trudng hop suy bié€n 1a trudng
hop n= 0 tuong Gng vdi bai todn THN(0,X,Y,Z) : chuyén 0 dia tr X sang Z 14y Y lam
trung gian ma gidi thult tuong ¢ng 1a khong lam gi ca ( thuc hién thao tdc rdng ).

THN(,X,Y,Z) = { ¢}
¢) Phdn ra bai toan :
Ta c6 thé phan rd bai toan TH N (k,X,Y,Z) : chuyén k dia tir cdt X sang cot Z
14y cOot Y 1am trung gian thanh day tudn ty 3 cong viéc sau:

+ Chuyén (k -1) dia tir cot X sang cot Y 14y cdt Z 1am trung gian :
THN (k -1,X,Z,Y) (baitodAn THN v6in=k-1,X=X,Y=7Z,Z=Y)

+ Chuyén 1 dfa tir cot X sang cot Z : Move ( X, Z ) (thao tidc co ban ).

+ Chuyén (k- 1) dia tir cot Y sang cdt Z 14y cot X 1am trung gian :
THN(k-1,Y,X,Z) (bai todn THN véin=k-1 ,X=Y,Y=X,Z=27).

Viy giai thuat trong trudng hgp tong quit (n> 1) 1a :

THN(,X,Y,Z) = { THN(®m-1,XZY):
Move (X, Z);
THN (n-1,Y,X.Z) :
}
Vi n dia thi cAn bao nhiéu bu6c chuyén 1 dia? Thyc chit trong thii tuc THN céc
1énh goi dé qui chi nhiim sdp sé€p trinh ty cdc thao tic chuyén 1 dia
S& 1an chuyén 1 dia dugc thuc hién 1a dic trung cho dd phic tap cda gidi thuat .
Véin dia , goi f(n) 12 sd cdc thao tdc chuyén _mot_dia .

Ta cé : f(0) = 0.
f(1) =1 .
f(n) = 2fa-1)+1 v6i n>0
Do do” : fn) = 1+2+27%+ +2™ = 2™

Pé& chuyén 64 dia cAn 2 * - 1 budc hay xap xi 10 % budc . Can khodng 10 triéu
nim véi mot mdy tinh nhanh nhat hién nay dé€ 1am viéc nay .

d) Chuong trinh con md hoa gidi thudt THN trong NNLT Pascal :
procedure THN (n : integer ; X,Y,Z : char)
begin
if n>0 then begin
THN (n-1 ,X,Z,Y) ;
Move( X, Z);
THN (n-1,Y,X,Z);
end ;
end ;
( LAy trudng hgp chuyén n=0 lam trudSng hdp neo )
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Hoic : procedure THN (n : integer ; X,Y,Z : char)
begin
if(n=1) then Move(X, Z)
else begin
THN (n-1 ,X,2,Y ) ;
Move(X, Z );
THN (n-1,Y,X,Z);
end ;
end;
( LAy trudng hgp chuyén n =1 1am trudng hgp neo )
Véi thd tuc Move(X, Y) md ta thao tdc chuyén 1 dia tir cot X sang cdt Y dudc viét
tuy theo cach thé hién thao tic chuyén .

e¢) Chuong trinh con md hoa gidi thudt THN trong NNLT C++ :
Trong C++ ham con thuc hién gidi thudt THN c6 dang :
void THN(int n, char X,Y,7Z)
{ if(n > 0)
{ THN(n -1,X,Z,Y ) ;
Move (X ,Z);
THN(n-1,Y,X,Z) ;
h

return ;

§
hodc :
void THN(intn, char X,Y,Z)
{ifn==1) Move (X,Z);
else
{ THN(n -1,X,Z,Y ) ;

Move ( X,Z);
THN(n-1,Y,X,Z) ;
}

return ;

}

2. Bai toan chia thudng.
C6 100 phin thudng dem chia cho 12 hoc sinh gidi da dugc x&p hang. C6 bao
nhiéu cdch khac nhau d€ thuc hién cdch chia?
Ta thi'y ngay ring viéc tim ra 15i gidi cho bai toan sé khdng dé dang néu ta khong
tim ra cdch thich hgp dé ti€p can v6i né. Ta sé tim gidi thuit gidi bai toan bing phuong
phép dé quy.
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a) Thong sé héa.

Ta s& gidi bai todn & miic dd tong quét : Tim s6 cach chia m vat (phan thudng ) cho n
doi twong (hoc sinh ) ¢6 thit ty .

Goi PART Ia s6 cdch chia khi d6 PART 1a ham ctia 2 bién nguyén m,n ( PART(m
n)).

Ta mi ho4 n ddi tugng theo thit tw xEp hang 1,2,3,...n; Si 1a s6 phan thung ma
hoc sinh i nhin dudc .

Khi d6 cdc diéu kién rang budc lén cach chia la :

Si>:0
S| >= S, >= >= S, .
Sl+Sz+ +Sn: m
Vidu:
Véim=5,n=3tacd 5 cachchiasau:
5 0 0
4 1 0
3 20
3 1 1
2 21

Tacla PART(5,3)=5

b) Cdc truong hop suy bién :
+m =0 thisé c6 duy nhat 1 cdch chia : moi hoc sinh déu nhan dugc O phan
thudng .
Viy: PARTO,n) =1 v6imoi n
+n=0,m<>0 thi s& khong c6 cich nao dé thuc hién viéc chia .
Viy : PART(m,0) =0 v6imoim<>0.
(ta c6 thé thay trudng hdp neo PART(m ,0) =0 hoic trudng hgp neo PART(m , 1)
=1)

¢ ) Phdn rd bai todn trong truong hop tong qudt :
+m<n khisd phian thuong m nhd hon s6 hoc sinh n thi n - m hoc sinh x&p
cudi sé ludn khdng nhian dudc gi cd trong moi c4ch chia .
Viy:
khi n>m thi PART(m,n)=PART(m,m) .
+ Trong trudng hdp m >= n : s§ vat chia (phian thudng ) 16n hon hoic bing s6
hoc sinh (ddi tugng ) ta phan cdc cdch chia lam 2 nhém :
* Nhém tht nhat khong danh cho hoc sinh x&p cudi cling phan thudng nio
ca
(Sh=0). S6 cdch chia nay sé& biing s6 cdch chia m phan thuong cho n -1 hoc sinh .
Ttrc 1a : SO cdch chia trong nhém thit nhdt = PART(m ,n-1).
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* Nhém thit 2 c¢6 phan cho ngudi cudi ciing (S, > 0) . D& thiy riing s6
cich chia cia nhém ndy bing sd cdch chia m - n phan thuong cho n hoc sinh ( vi
phuong thifc chia ma tit cd hoc sinh déu nhan dudc phin thudng cé thé thyc hién bing
cdch : cho mdi ngudi nhan truc 1 phan thudng rdi méi chia ).
Tic 1a : SO cdch chia trong nhém thit 2 = PART(m-n,n) .

Viy: v6i m>=n PART(m,n) = PART(m,n-1)+PART(m-n,n)

d ) Dang ma gida ciia ham PART(m , n )

PART(m,n) = if(m=0) then return 1;
else if(n=1) then return1 ;
else if(m<n) then return PART(m, m) ;
else return (PART(m ,n -1) + PART(m-n, n))

e) Dang ham PART trong NNLT Pascal

Function PART(m, n: integer ) : integer ;
Begin
if ((m=0)or(n=1))then PART :=1
else if(m <n)then PART :=PART(m,m)
else PART := PART(m,n-1)+ PART(m-n,n);

End ;
g) Dang ham PART trong NN LT C++

int PART(int m,int n)
{if (m==0)I(n==0)) return 1;
else if(m <n)retrun (PART(m, m));
else return (PART(m,n-1)+ PART(m-n,n));

3. Bai toin tim tat ca cdc hodn vi ctia mot diy phan .

Bai todn : XuAt tit ci cdc hodn vi cia day A .
Véidiy A gdm N =3 phin tf A[l]=a, A[2]=b, A[3] =c thi bai

Vidu :
todn bit phai xui't 6 hodn vi c6 thé ciia A :
a b c ac b c b a
b a c c ab b ¢ a
2,A[3]=3, A[4] =4 thi bai todn

Véidiy A gdom N =4 phan tf A[l]=1,A[2] =

bit phadi xuit 24 hodn vi c6 thé cia A :
1 2 3 4 1 2 4 3 1 4 3 2 4 2 3 1
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2 1 3 4 2 1 4 3 4 1 3 2 2 4 31
1 3 2 4 1 4 2 3 1 3 4 2 4 3 2 1
3 1 2 4 4 1 2 3 3 14 2 34 2 1
3 2 1 4 4 2 I 3 3 41 2 32 4 1
2 3 1 4 2 4 1 3 4 31 2 23 4 1

a) Thong so héa bai todn .

Goi HV(v,m) (v6iv :array[l..N]of T, m :integer ; m <N ; T la mot kiéu di¥
liéu da bi€t trude ) 1a thd tuc xudt td't cd cdc dang khdc nhau ctiia v ¢é dugc biing cdch
hodn vi m thanh phan dau cda diy v

Vidu:N=4,A[l]=1,A[2]=2,A[3]=3,A[4] =4 thi 15i goi HV(A ,3) xuit
tdt cd hodn vi clla A c6 dudc bing cach hodn vi 3 phan tif ddu (c6 6hvi) :
1 2 3 4 1 3 2 4 3 2 1 4
2 1 3 4 3 1 2 4 2 3 1 4

Dé€ gidi bai todn dit ra ban dau ta goi HV(A,N) ).

b) Truong hop neo.
Voim=1 : HV(v,1) 1a thi tuc gidi bai todn xult tt cd cdc dang clia v c6 dudgc
bing cdch hodn vi 1 phan ti didu . Vay HV(v,1) 1a thii tuc xuit v.
HV(v,1) = print(v) = for k=1 to N do write(v[k])

¢) Phdn ra bai todn.
Ta c6 thé tim hét tA't ¢4 cdc hodn vi m phan tif ddu cla vector V theo cich sau :

- Gift nguyén cdc phin t cudi V[m], . . . ,V[N] hodn vi m-1 phin t& ddu (
goi dé quy HV(V m-1) .

- P3Gi chd V[m] cho V[m-1] ,g1 nguyén cdc phﬁn ti cudi V[m],... ,V[N] hodn
vi m-1 phin tf dau ( goi d&é quy HV(V ,m - 1).

- B8i chd V[m] cho V[m-2] ,g1lf nguyén cdc phﬁn t& cudi V[mj,.... ,V[N]
hodn vi m-1 phan t¥ dau ( goi d&é quy HV(V ,m- 1) .

vi m-1 phin tf dau ( goi d&é quy HV(V ,m-1).
-P6i chd V[m] cho V[1] ,g1f nguyén cdc phﬁn ti cudi V[m], . . . ,V[N] hodn
vi m-1 phin tf dau ( goi dé quy HV(V ,m - 1).
Vay :
HV(V,m)= { SWAP( V[m],V[m]) s HV(V,m-1);
SWAP( V[m],v[m-1] ) ; HV(V,m-1) ;
SWAP( Vim],v[m-2]); HV(V,m-1);
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SWAP (V[m],v[2]) ; HV(V,m-1);
SWAP( V[m],v[1]) ;HV(V,m-1) ;
}
( SWAP(x , y ) 1a thd tuc hodn ddi gid tri cia 2 d6i tugng dit lidu x ,y )
Viy :
HV(V,m) = for k:= m downto 1 do begin
SWAP( V[m], VIk] ) ;
HV(V,m-1);
end ;

d) Thii tuc hodn vi trén NNLT Pascal.

const size = Val ; (* Val 1a hing gia tri *)
type vector = array[l. . size] of typebase; (* typebase 12 mot ki€u dit liéu c6 thi
tu )

procedure Swap( var X,y : typebase ) ;

var t:typebase ;

begin

t=X;X=y,;y:=t;
end ;

procedure print( A : vector ) ;

var 1:integer;

begin
for i:=1 to size do write( A[i]:3);
writeln ;

end ;

Procedure HV('V :vec tor; m :integer ) ;
var k:integer;

begin
if (m=1) then print(V)
else
for k :=m downto 1do begin
Swap(V[m] , V[k]);
HV(V,m-1);
end ;
end ;
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e) Thii tuc hodn vi tréen NNLT C++.

const size = Val; // Valla hing gia tri
typedef typebase vector[size] ; // typebase 12 mot kiéu dit liéu c6 thi ty
void Swap( typebase & x , typebase& y)
{ typebase t ;
t=X;X=y;y=t;

void print( const vector &A)
{ for(int j=0;j <size ; j++ ) cout<< A[j] ;
cout << endl ;

void HV( const vector &V , int m)
{ if(m==1) print(V);
else for(int k=m-1;k>=0;k-)
{ swap(V[m-1],V[k] ) ;
HV(V,m-1);
§
J

4. Bai toan sip xép mang biing phucng phip tron (Sort-Merge).

Y tudng : D& sip x&p 1 danh sdch gdbm n phin tk bing phuong phdp tron
ngudi ta chia danh sdch thanh 2 phin (t6ng quat 12 nhiéu phin ), sip x&p tirng phin,
16i tron chiing .

Baitodn : sdp theo thit tv khong gidm médng a : VectorT biing phudng phdp tron.
( VectorT = array[1 . . size] of T).
a) Thong s6 hod:

Bai todn dudc khdi quat thanh sip x€p mdt ddy con cla diy V : VectorT tif chi s§
m dénchisd n v6i 1 <= m<= n<= size . Ta dit tén cho bai todn & dang tong quat
Ia : SM(V,m,n).

Bai todn ban dau : sip diy A sé dudc thuc hién bing 13i goi : SM(A ,1,size).

b) Truong hop tdm thuong:
D6 1a khi n = m (ddy sdp chi ¢6 1 phin tif ), khi d6 khdng cin lam gi ca (thao tdc
réng) .
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c) Phén ra truong hop tong qudt :
Khi n>m ta thyc hi€n cac cong viéc sau :
+ Chiaday: a[m],a[m+1],...,a[n] thanh?2 day con

a[lm],.., a[l] va a[l+1],...,a[n]
+ Sép x€p tirng ddy con thanh cdc day c6 thit ty theo gidi thuat SM .
+ Tron 2 day con c6 thit ty lai thanh day a[m] ,. .., a[n] md&i c6 thit ty .

D€ thuc hién viéc tron hai diy c6 thit ty thanh mdt diy c6 thi ty ta s& dung mot
thi tuc khong dé quy Merge(m, 1, n) . Ta cAn chon 1 d€ dudc 2 diy con gidm hin
kich thuéc so véi ddy ban ddu , tiic 1a chonl: m < 1<+l < n.

Thuong chon 113 phantf “gifta“: 1 = (m+n) div 2.
Thi tuc Sort_Merge(m,n) trén ming V : VectorT viét trén ngdn ngit PASCAL
c6 dang :
procedure SM (var d: VectorT ; m,n: index);
var | :index ;
begin
if n>m then
begin
I := (m+n) div 2;
SM (d,m,]) ;
SM (d,I+1,n) ;
Merge (d,m,l,n) ;
end ;
end ;
Trong d6 SM 12 thi tyc tron 2 diy ting d€ dudc mot day ting.
D€ sip mang A (diy A[l:size]) ta goi SM(A ,1,size)

5. Bai toan tim nghiém xAp xi ctia phuong trinh f(x)=0 .

Bai todn : Him f(x) lién tuc trén doan [a,,b,] , im mdt nghiém xap xi v4i dd chinh
X4c € trén [a,,b,] clia phuong trinh f(x) = 0.
Y tudng cia gidi thuat :
- Trudng hgp neo : by- a, < €
+ Néu f(a,).f(b,) < 0 thi ham f c6 nghiém trén [a,,b,] .Va Vi ta dang tim
nghiém x4p xi vdi do chinh x4c & nén a, 1a nghiém xaPp xi cAn tim .
+ N&u f(a,).f(b,) > 0 thi ta xem nhu khdng c6 nghiém x4p xi trén doan xét.
- Truong hdp b, - a, > ¢ thi chia doi doan [a,,b,] rdi tim 1an lugt nghiém trén
tirng doan con : doan con trdi, doan con phai .
Ta sé& xdy dung mdt ham dé qui trd vé gid tri 1o nghiém x4p xi cla f (n€u
c6),hay mot hing E ( dd 16n) n€u f khong c6 nghiém xap xi trén [a,,b,] .
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a) Thong s6 hod:
Xét ham ROOT véi 3 thong s6 13 g, a,b ,(ROOT(g,a,b)) trd vé gid tri nghiém xap xi &
cla phuong trinh g(x) =0 trén doan [a,b] hodic gid tri C néu phudng trinh xét khong
¢6 nghi€ém xﬁ'p xi . PDé gidi bai todn ban dau ta goi ham ROOT(f,a,,b,) .
b) Truong hop tam thuong:
do 1a khi b - a < epsilon .
Khi d6 :
if (g(a).g(b) ) <= 0 then ROOT(g,a,b) =a ;// a 12 nghiém xap xi
else ROOT(g,a,b) =E ;// khong c6 nghiém xap xi
¢) Phén ra truong hgp tong qudt:
khib-a>=¢ taphdn [a,b] lam 2 doan [a,c] va [c,b] v6i c=(a+Db)/2.
-N&u ROOT(g,a.)<E thi ROOT(g,a,b)=ROOT(g ,a ,c) (bai todn tim
nghi€m trén doan [a,c] ) .
- con khong thi ROOT(g,a,b) = ROOT(g ,c ,b) (bai todn tim nghi€ém trén
doan [c.,b] ).

d) Ham tim nghiém xdp xi trén NN Pascal c6 dang:
const epsilon=;
E=
Function ROOT(a,b :real ) :real ;
var c¢,R:real;
begin
if ((b-a) < epsilon ) then if ( f(a)*f(b) <=0 ) then ROOT := a
else ROOT := L
else
begin
c:=(a+b)2;
if (ROOT(a,c)<E) then ROOT :=ROO0OT(a,c)
else ROOT := ROOT(c,b)
end;

e) Chuong trinh con tim nghi¢m xdp xi trong NN LT C++

const double epsilon = ;
const double E = ;
double ROOT(double a , double b )
{ if((b - a) < epsilon ) if(f(a)*f(b) <= epsilon return (a);
else return(L);
else
{ double c=(a+b)/2 ;
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double R =ROOT(a,c) ;
if(R<E) returnR ;
else return (ROOT(c,b));
}
}

Tran Hoang Tho Khoa Todn - Tin



Ky thudt lap trinh nang cao - 28 -

CHUONG III
KHU PE QUY

I. CO CHE THUC HIEN GIAI THUAT PE OUY.

Trang thai cda ti€n trinh x{ Iy mot gidi thuat & mot thdi diém dugc dic trung bdi
ndi dung cdc bi€n va 1énh cin thyc hién k& ti€p. V4i ti€n trinh xi¥ 1y mot gidi thuit
dé qui & tirng thdi di€m thuc hién, con cin luu trit cd cdc trang thdi x{r 1y dang con
dang dé .

a) Xét gidi thudt dé quy tinh giai thiia:
FAC(n) = if(n=0) then retrun 1 ;
else retrun (n * FAC (n-1));
SO db qué trinh tinh gia tri 3 ! theo gidi thuat dé quy :

FAC(3) = 3 * FAC(2)
"
FAC(2) = 2 * FAC(1

FAC(1) = 1 * FAC(0

FAC(0) = 1

Khi thyc hién 18i goi FAC (3 ) sé phat sinh 10i goi FAC (2 ) , ddng thdi phdi luu giit
thong tin trang thdi x& 1y con dang dé ( FAC (3) = 3 * FAC(2)). Dén lugt minh
15i goi FAC ( 2) lai 1am ph4t sinh 15i goi FAC (1 ) ,d6ng thdi van phai luu trif thong
tin trang thai x{ 1y con dang d5 (FAC (2) = 2*FAC(1)),... C&¢ nhu vady cho t6i
khi gap 161 goi
trudng hgpneo (FAC (0)=1).

Ti€p sau quia trinh goi 1a mot qia trinh xtt 1y ngugc dugc thuc hién :

- Diing gid tri FAC ( 0 ) dé tinh FAC ( 1 ) theo so dd xt Iy con luu trit .
- Duing gid tri FAC (1) dé tinh FAC ( 2) theo sd db x& Iy con luu tri .
- Diing gid tri FAC (2 ) d€ tinh FAC ( 3 ) theo sd @6 x 1y con luu trir .
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DPong thdi vé6i qa trinh x{ Iy ngugc 1a qda trinh x6a bd cdc thong tin vé gidi thuat xi

ly trung gian ( qda trinh thu hdi viing nhé ) .

b) Xét gidi thudt dé quy tinh gid tri ham FIBONACCI .

FIB(n) = if(n=0)or(n=1)) then return 1 ;
else return ( FIB(n- 1) + FIB(n - 2)) ;

So @b tinh FIB(5) :

FIB(5) = FIB(3) + FIB

FIB(4) = FIB(2) + FIB(3)

FIB(3) = FIB(1) + FIB(2)
AW x= «
FIB(2) = FIB(0) + FIB(1) | | FIB(2) = FIB(0) + FIB(1) | FIB(3) = FIB(2) + FIB(1)

\ / AN
FIB(0) = FIB(1) = FIB(0) = FIB(1) =
FIB(1) =

FIB(2) = FIB(0) + FIB(1)

AN

FIB(1) =

FIB(0) =1 FIB(1) =
¢) Xét thii tuc dé quy thdip Ha Noi THN (n, X, Y, Z)
THN (n : integer ; X ,Y , Z : char)
= if (n>0) then
{ THN(n-1,X ,Z,Y) ;
Move(X, Z) ;
THN(n-1,Y,X,Z) ;
}
: THN

D€ chuyén 3 dia tir cdt A sang cdt C diung cot B 1am trung gian ta goi

(3,A,B,C)
Sd d6 thyc hién 15i goi THN (3,A,B,C) 1a :
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Loi goi c/0 Léi goi ¢/1 Loi goi ¢/2 Loi goi ¢/3
THN(0,A,C,B)
THN(1,A,B,C) A->C
THN(0,B,A,C)
THN(2,A,C,B) A-->B
THN(0,C,B,A)
THN(1,C,A,B) C--->B
THN(0,A,C,B)
THN(3,A,B,C) A-->C
THN(0,B,A,C)
THN(1,B,C,A) B-->A
THN(0,C,B,A)
THN(2,B,A,C) B--->C
THN(0,A,C,B)
THN(1,A,B,C) A-->C
THN(0,B,A,C)

V6i THN(O,X,Y ,Z) 1a trudng hgp neo tudng tng véi thao tdc réng .
X -——- >Y 12 thao tdc chuyén 1 dia tir cot X sang cdt Y (MOVE(X,Y)).

Céc budc chuyén dia sé 1a :

A->C;A->B;C->B; A->C ;B->A ;B->C ;A-->C;

Loi goicap0:

THN(3,A,B,C) sé lamndy sinh hai 13i goicdp 1: THN (2 ,A,C,B);
THN (2,B, A, C) cung vGi cdc thdng tin cia qaa trinh x& 1y con dang dé .

Céc loigoicapl:

THNQ2,A,C,B), THN (2,B, A,C) sé lam ndy sinh cdc 15i goi cAp 2 :
THN (1,A,B,C) ; THN (1,C,A,B); THN (1,B,C, A) ; THN (1, A, B, C); ciing
V@i cdc thong tin cla qua trinh x& 1y con dang dé .

Céac 1oigoicap?2:

THN(1 ,A, B, C) ; THN(1,C, A, B ) ; THN( ,B, C, A) ; THN(1, A, B, C);
sé 1am ndy sinh c4c 13i goi cAp 3 dang : THN(0 ,X, Y, Z) (thao tdc rdng tuong ng véi
trudng hgp suy bi€n ); cung véi cic thong tin clia qiia trinh x{t 1y con dang dé .
Quad trinh goi dirng lai khi gip trudng hgp suy bién .
Qiia trinh xtt 1y ngudc v6i qué trinh goi bit dau khi thuc hién xong céc trudng hop neo
nhim hoan thién cdc budc xit Iy con dang d& song song véi qud trinh hoan thién cédc 13i

goi 1a qua trinh loai bd cdc luu trd thong tin gidi thuit trung gian.
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Do dic di€m cla quda trinh x& ly mot gidi thuat dé quy 1a : viéc thuc thi 13i goi dé
quy sinh ra 18i goi d¢ quy mdi cho dén khi gip trudng hop suy bi€n (neo ) cho nén dé
thuc thi gidi thuat dé quy cAn c6 cd ché lvu trir thong tin thda cdc yéu ciu sau :

+ O mdi ldn goi phai luu trif thong tin trang thdi con dang d& cla ti&n trinh
xtr 1y & thdi di€m goi. SO trang thdi nay bing s6 1an goi chua dugc hoan tat .

+ Khi thyc hién xong (hoan tit) mot lan £o1, can khoi phuc lai toan bo
thong tin trang thdi trudc khi goi .

+ Lénh goi cudi cling (fng v6i triong hdp neo) s& dugc hoan tit dau tién ,
thtt tv diy cdc lénh goi dugc hoan tit ngugc véi thit tw goi, tuong tng diy thong tin
trang thdi dugc hdi phuc theo thif tw ngugc vé6i thit ty Iuu trif .

CAu tric dif liéu cho phép luu trit ddy thong tin thda 3 yéu cau trén 14 ciu tric luu tri
thda ludt LIFO (Last In Firt Out ) . Mt ki€u cdu tric luu trir thudng dude s dung
trong trudng hdp nay 13 ciu triic chong (stack).

Vi mot chong S thudng cho phép chiing ta thyc hién cdc thao tdc sau trén né :

- Thii tuc Creatstack(S) : Tao chong S réng .

- Tha tuc Push(x,S) :Luu trit thém dit liéu x vao dinh stack S

( x 1a dit liéu ki€u don gidn gidn hodc ¢ ciu tric )

- Thi tuc Pop(x,S) : LAy gia tri dang luu & dinh S chita vao trong ddi tugng dit
lieu x va loai bd gid tri ndy khdi S ( 1ui dinh S xuéng mot mic ) .

- Ham Empty(S) : ( kiéu boolean ) Ki€m tra tinh rdng ctia S : cho gi4 tri diing
néu S rdng, sai néu S khong rong .

Cai dit cu thé clia S c6 thé thuc hién bing nhiéu phuong phdp phu thudc vao tirng
ngdn ngit 14p trinh va titng muc dich st dung cu thé .

Vidu:

Cai dit ( bing ciu tric mdng ) chdng S ma mdi phan tir 1A mot ddi tugng dit lieu
thuoc kiéu T trong PASCAL nhu sau :
Const sizestack= ... ;
Type stackType = record
St:array [1 .. sizestack ] of T ;
Top:0.. sizestack ;
end ;

Thii tuc Creatstack(S) : tao chdng S rdng :
Procedure Creatstack( var S : StackType )
Begin
S.Top:=0;
End;
Tha tuc  Push(x,S) :Cheén - Luu trit thém dit liéu x vao dinh stack S
( x 1a dit liéu ki€u don gidn gidn hoic ¢ ciu tric )
Procedure Push( var S : StackType ;x:7T);
Begin
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S.St[S.Top +1] := x;
STop = S.Top+1;
End;

Thi tuc  Pop(x,S) : X6a - LAy gid tri dang luu & dinh S chita vao trong doi
tugng dit liéu x va loai bd gid tri ndy khéi S (1ui dinh S xudng mot mifc ) .
Procedure Pop( var S: StackType ;var x:T);
Begin
x := S.St[S.Top] ;
S.Top = S.Top - 1;
End;

Ham Empty(S) :(Hamboolean) Ki€m tra tinh rdng ctia Stack S
Function Empty( S : StackType ) : boolean ;
Begin
Empty := (S.Top=0);
End ;

M0 hinh stack S va tdc dung cdc thao tdc trén né .

3 —— 3 3 3

2 — 22— 2 —x1 — 2

] — 1 —x0 — 1 —=xo 1 —xo

Createstack(S) ; Push(S, x,) ; Push(S,x;) pop(S.,y)
( S.top=0) S.St[1] := X, S.St[2] =% y = X
Sitop =1 S.top =2 S.Top:=1;

NNLT PASCAL va C++ thyc hién dugc cd ché€ dé qui nhd trong qué trinh bién dich,
phan mém ngdn ngit ty dong phdt sinh ra ciu tric stack d€ quin 1y cdc 1énh goi
chuong trinh con. Khi mdt 1énh goi chuong trinh con thuc hién, cdc bi€n dia phudng
(gdm ca cdc thdng s8) sé& dudc cAp phdt viing nhéd mdi & dinh stack. Nhd vay cdc tic
dong dia phuong ctia thd tuc s& khong 1am thay ddi cdc trang thdi x{ 1y con dang d4.

1. TONG QUAN VE VAN PE KHU PE OUY.

bé quy la phuong phdp gidp ching ta tim gidi thuat cho cdc bai todn khé . Giai
thuat gidi bai todn bing dé quy thudng rat dep (gon gang, d& hi€u ,d& chuyén thanh
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chuong trinh trén cic NNLT) . Nhung nhu da chira § trén viéc xut 1y gidi thuit dé quy
lai thudng giy kh6 khin cho mdy tinh (t6n khong gian nhé va thdi gian x¥ 1y), hon nita
khong phdi moi NNLT déu cho phép ma héa gidi thuat dé quy (vi du : FORTRAN) . Vi
vay viéc thay th€ mot chuong trinh dé quy ( c6 chita chuong trinh con dé quy ) bing
mdt chuong trinh khdng dé quy ciing 13 mdt vin dé dugc quan tim nhiéu trong lap
trinh .

Mot cich tdng quit ngudi ta dd chi ra riing : Moi gidi thudt dé quy déu c6 thé thay
th€ biing mot gidi thuat khong dé quy . VAn dé con lai 12 k§ thuat xdy dung gidi thuit
khong dé quy tuong rng thay thé€ gidi thuat dé quy . R4t dang ti€c viéc xay dung giai
thuat khong dé quy thay th& cho mot gidi thuat dé quy da c6 lai 1a mot viéc khong
phéi bao gid ciing don gidn va dén nay van chua cé gidi phdp thda ding cho trudng
hgp tdng quat.

So dd dé€ xay dung chuong trinh cho mot bai todn khé khi ta khong tim duge giai
thuat khong dé quy thudng 1a :

+ Ding quan niém dé quy d€ tim gidi thuat cho bai todn .
+ Ma héa gidi thuat dé quy .
+ Khtr dé quy dé c6 dudc mdt chuong trinh khong dé quy .

Tuy nhién do viéc khir dé¢ quy khong phai bao gid cling dé va vi vdy trong nhiéu
trudng hgp ta ciing phdi chdp nhan su dung chuong trinh dé quy .

III. CAC TRUONG HOP KHU PE QUY PON GIAN.

1. Céc truong hgp khit dé quy bing vong Lip .

a) Ham tinh gia tri ciia day dit ligu mo td bang hoi quy .
a)) Y tudng din dit :
Xét mot vong lip trong d6 sit dung 1 tAip hop biEn W = (V,U) gdm tip hgp U
cdc bién bi thay ddi trong vong lip va V 1a cédc bi€n con lai.
Dang tong qudt ctia vong lip 1a :
W:i=W, ; {Wo=(Uo,Vo) }
while C(U) do U :=g(W) (3.1.1)
Goi U, la trang thdi cia U ngay trudc vong lap , Ux véi k>0 la trang thdi cia U
saulan 1ip thit k (gid st con lip dénlank).
Taco:
U, mang céc gid tri dudc gdn ban dau
Uk =gW)=g(Ux1 ,Vy, ) = f(uxy) v6i k=1..n (3.1.2)
Véin 12 1an lip cudi cung , tic C(Uy ) ding v6i moi k <n, C(U,) sai
Sau vong lip W mang noi dung (U, ,V, ).
Ta thay : d€ tinh gia tri ddy dudc dinh nghia bi quan hé hdi quy dang (3.1.2) ta
c6 thé ding gii thudt 1ip mo t3 bdi doan lénh (3.1.1) .
a,) Giai thuat tinh gia tri ctia ddy hdi quy thudng gip dang :

Tran Hoang Tho Khoa Todn - Tin



Ky thudt lap trinh nang cao - 34 -

fm) = C khi n=n, (C la mothing)
= g(nf(n-1)) khi n>no
Vidu :
Ham giai thta FAC(n) =n! = 1 khi n=0

= n*FAC(n-1) khi n>0

Téng ns6 dau tién clia diy dan diu sau :
Sa=1-3+5-7 ..+ D" *2n-1)
S(k) =1 khik=1
= S(k-1) + (- DM *2*k-1) vé6i k> 1

- Gidi thuat dé quy tinh gid tri f(n)
f(n) = if(n=n,) then return C;
else return (g(n,f(n-1)) ;
- Gidi thuat l3p tinh gid tri f(n)

k:=n,; F:=C;
{ F=1(n,) }
While(k <n) do begin
k :=k+1;
F:=gkF);
end ; }
{ F=fn)}
Hoic: F:=C;
For k:=n, to n-1 do begin
ki=k+1;
F:=gkJF);
end ;
Trong trudng hgp nay :
W=U=(k,F)
WozUo:(nmC)
ClU)= (k<n)

f(W) =1(U) = {(k,F) = (k+1,g(k,F)))

Vidu 1: Ham tinh FAC(n) = n! khong dé quy
+ Trong NN LT PASCAL
Function FAC ( n: integer ) : longint ;
var k :integer ;

F : longint;
Begin
F=1;k:=0;

while (k <n ) do begin
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k:=k+1;
F:=F*k;
end
FAC :=F;
end ;

hoac :
Function FAC ( n: integer ) : longint ;
var k :integer ;

F : longint ;
Begin
F=1;
For kk=1to ndo F:=F *k;
FAC :=F;
end ;

+ Trong NN LT C++
long int FAC (int n)

{ int k=03
longint F=1;
while (k<n) F= ++k *F;
return (F) ;
}
Hoic :

long int FAC (int n)
{ longint F=1;
for(intk=1;k<=n;k++) F = k*F;
return (F) ;

}

Vidu 2 : Dang ham S, khong d¢ quy
+ trén NN LT Pascal :
Function S(n: integer ) : integer ;
var k,tg: integer ;

Begin
k:=1;tg:=1;
while (k <n ) do begin
ki=k+1;
if odd (k) then tg:=tg+(2*k-1)
else tg:=tg-2*k-1);
end ;
S:=tg;
end ;
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+ Trong NN LT C++

int S(int n)
{int k=1,tg=1;
while (k<n) { k++;
if (k%2) tg+ = 2*k-1;
else tg-= 2%k+1;

return (tg);

}

b) Cdc thu tuc dé qui dang dé qui dudi.

Xét tha tuc P dang :
P(X) = if B(X) then D(X)
else { AX) ;
P(f(X)) ;
s } A ’

X latdp bién ( mdt hodc mot b nhi€u bi€n ).
P(X)  la tha tuc dé quy phu thuéc X
A(X) ; D(X) la cdc nhém thao tic (1¢énh ) khong dé quy
f(X) 12 ham bi€n ddi X
Xét qua trinh thi hanh P(X):

goi P, 12 1an goi P tht 0 (dAutién) P(X)

Trong d6 :

P, lalangoi P tht 1 (1in2) P(f(X))
P, 1alangoi P thi i(ldni+ 1) P(f(f(...£(X)...)

(P(f(X)) hop ilanhamf )
Trong 1an goi P; néu B(fi(X)) khong diing (false) thi thi hanh 1énh A va goi Py ;
néu B(fi(X)) ding (true) thi thi hanh 1énh D va két thic qua trinh goi .
Gi4 st P dugc goi ding n +1 1an . Khi d6 & trong 1an goi cudi ciing (thtt n ) P, thi
B(fy(X)) ding, 1énh D dudc thi hanh v chim dit thao tdc goi thd tuc P.
Sd @b khdi qud trinh thyc hién 1énh goi thd tuc P(X) c¢6 dang sau :
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True

D(X) False X - = f(X)

END

Tudng tng vdéi vong ldp sau :

While (not B(X)) do begin

AX) ;
X :=£f(X);
end ;
D(X) ;
Vidul:

Pé d6i 1 s6 nguyén khong 4m y & cd sd 10 sang dangcdsé k (2<=k<=9) véi
viéc duing médng A ( A :array[l..size ] of 0.k-1, size 1a mot hing dugc khai bdo
trudc ) d€ chia cdc ky s trong hé k phan ( v6i quy uSc ky sd c¢6 ¥ nghia thdp dugc

chita & chi s& cao ) khi d6 thd tuc dé¢ quy Convert(x,m) dé tao diy gia tri :  A[0],
A[l], ..., Alm] nhusau (hay tu gidi thich ) :
Convert(nm) = if n<>0 then Begin

A[m] := n mod k;
Convert(n div k,m-1) ;
End ;
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Lénh goi Convert(y,n) diung dé€ ddi s6 nguyény trong co sd 10 sang cd sd k luu
day
ky sO trong mang A ;
Trong vi du nay ta co :
X la (n,m);
B(X) 1a biéu thitc boolean not(n<>0)
A(X) lalénh gdn A[m] := n mod k ;
f(X) laham f(nnm) = (ndivk,m-1);
D(X)  1alénhrdng
Poan 1&€nh ldp tuong &ng vdi thd tuc Convert(x,m) Ia :

While (n<>0) then begin
A[m] := n mod k ; { AX) }
n :=ndiv k; {X:=1fX)}
m:= m-1;
end ;

Vidu?2:
Tim USCLN ctia 2 s6 nguyén dua vao thuit todn Euclide .
Gidi thuat dé quy (dudi dang thd tuc ) tim USCLN(m,n) biing thuat todn Euclide :

USCLN(m,n, var us) = if (n=0) then us := m
else USCLN(n, mmodn,us);
- Trong trudng hgp nay thi:
X Ia (m,n,us)
P(X) 1la USCLN(m ,n,us)
B(X) la n=0
D(X) Ia 1énhgidn us:=m
A(X) 1a Iénh rdng
f(X) la f(m,n,us) = (n, mmodn ,us)

- DPoan Iénh ldp tuong Gng 1a :

While (n<>0) do begin
sd :=m mod n ;
m :=n;
n :=sd;
end ;
us :=m ;

9

- Thi tuc khong dé quy tudng Gng trong Pascal .
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Procedure USCLN(m, n:integer; var us: integer ) ;
var sd:integer ;
begin
while (n<>0) do begin
sd := m mod n;

m:=n ;
n :=sd ;
end ;
us (= m ;
end ;

- Ham con khong d€ quy tuong ttng trong C++
void USCLN(int m, intn, int& us)
{ while(n!=0) { int sd =m %n;
m = n;
n = sd;

¢) Cdac ham dé¢ qui dang dé qui dudi (tail-recusive).

Xét ham dé qui dang :
f(g(X)) khi C (X) ding

f(X) =
a(X) khi C(X) sai

f(X) = if(CX)) then return( f(g(X))
else return( a(x))

Tac la :

Tinh £(X, ).

Ta co6:
f(Xo) = f(gXo)) voi C(Xo) ding .
= f(g(g(X,))  v6i C(g(X,)) ding.
= mf(g“ (Xo)) véi C(g' (X,)) ding.
= a(g" (Xo)) véi C(g" (X,)) sai.
( g'xo) = glg(@ o)) )

bat U, =X, = gXo)
U =g X ) =g X)) =g(U1) véi i>= 1

Ta c6 quan hé sau :

Tran Hoang Tho Khoa Todn - Tin



Ky thudt lap trinh nang cao - 40 -

U, = X,

U = gUy) i=1..k. V6ik 1a s6 nhd nhatma C(Uy ) sai .
Licdsé: f(X,) =a(Uy)
Viy doan chuong trinh tinh f = f(X,) 1a :

U :=X, ;
while C(U) do U:=g(U);
f := aU);

Vidu:
V6i m,n>= 0 tac6é ham dé quy tinh USCLN(m,n) 1a :
USCLN(m ,n) = if (m<> 0)then return(USCLN ( abs(m -n), min(m,n)) ;
else return n ;
Trong trudng hgp nay :
X la (m,n);
CX)= Cm,n la m<>0;
g(X) = gm,n) = (abs(m-n),min(m,n));
ax) = am,n) = n;

- DPoan chuong trinh tinh USCLN(a ,b) 1a :
m:=a; n:=b;
while (m <>0) do begin

tl ;== m ;

2 ;== n;

m := abs(tl -t2);
n = min(tl,t2);
end ;

USCLN := n;

- Ham khong d€ qui tuong trng trong Pascal.
Function USCLN(m, n:integer ) : integer ;
var tl,t2 :integer ;
begin
while (n<>0) do begin tl (=m ; t2 :=n ;
m := abs(tl -t2);
if(tl < t2) then n :
else n :

I
-
-
\]
-

end ;
USCLN := m ;
- Dang ham tuong tng trong C++

int USCLN(int m , int n)
{ while(n!=0) {int t1 =m; int t2

Il
=]

Tran Hoang Tho Khoa Todn - Tin



- 47 -

Ky thudt lap trinh nang cao

m = abs(tl-t2);
if(tl<t2) n =tl ;else n=1t2;

}
return(m) ;

}

2. Khi dé quy ham dé quy arsac

a) Dang ham dé qui ARSAC.
al) Dang todn hoc :

DS(A(CS(X) ), FS(CS(X),X)))  khi C(X) ding

AX) =
BS(X) khi C(X) sai

a2) Dang ma gia :
AX) = if C(X) then return ( DS (A(CS(X)) ,FS(CS(X),X) )

else return (BS(X))

BS,CS, DS,FS la cdc gidi thuat khong dé qui .

Véi :
Trudng hop thudng gip 1a : BS(X), CS(Y), DS(U,V) , ES(U,V) Ia céc thao tic
12 bié€n don tri hodc bién véc td

don gidan , khong ¢6 1€nh goi hamcon . X, Y ,U,V

Pay la dang tong quat cda ham dé quy chi goi d€n chinh né mot Ian .

b) Sodo tong qudt tinh gia tri A(X) :
Goi U,=X 1a giatri doi s6 cantinh clia ham A . Viéc tinh A(U,) s& phdt sinh
1énh goi tinh A(U;) véi U; = CS(U,) ( gia st C(U,) true ).
Cd nhu vay , khi ma C(U; ) con ding thi viéc tinh A(U; ) s€ phat sinh 1€nh tinh

A(Ui+1) vii Ui+1 = CS(UI )
Véi gid thi€t1a U, = X thudc mién xdc dinh clia A , thi qud trinh lip lai cdc

1énh goi nay phai dirng lai sau hitu han 1an goi . Ttc 1a Ik thda :

C(U,) =CUy) =..=C(Ux,) =true , C(Uy) = false.
Xét 2 day so :
-Day :{ Ui } ={CS(Uy } (2.1)

U, = X { cho truéc }
U1 = CS(U) 1i=0.. k-1
-Day :{Vi } ={AU)} (2.2) X
Vo = A(U,) = A(X,) ( gia tri can tinh ).
Vi = A(Uj) = DS(A(CS(U; ), FS(CS(U)), U; ) )
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= DS(A(Ui41),FS(Uis1,Up))
= DS(Vu1,FS(Ui,U))  v6i 0<i<k (viC(Uy) ding)

Vi BS(Uy) (vi C(Uy) = false )

Dua vio 2 day s6 {U; } ,{Vi} (mb td bdi (2.1) va (2.2)) ta tinh A(X) theo gidi thuat
sau :
- Tinh va ghi nhé cdc U; tir 0 dén k theo (2.1).
(V61 C(U,) =C(U)) =...=C(Uyg.1) = True , C(Uy) = False )
- St dung ddy gfa tri U; d€ tinh 1An ngugc V; tit k xudng 0 theo (2.2) , V, chinh
la gia tri cantinh (Vo= AX)).

¢) Gidi thudt khong dé quy tinh gia tri ham Arsac bang sit dung céu triic
Stack .

Pé€ thyc hién gidi thuat trén thi diy U; phai dugc tinh va luu trf trong mot ciu
triic dit liéu thich hgp , &€ khi cAn dén (khi tinh V; ) dé 13y ra sif dung . Pic di€m quan
trong clia ddy U; 1a thda luat LIFO : thi tuy st dung ngudc véi thit ty tao sinh . Cau
tric dit liéu cho phép luu trit thudn i ddy phan ti thda ludt LIFO ( vdo sau ra
trudc - Last In First Out ) la cdu tric Stack .

( Trén cau tric Stack 2 thao tdc cd bdn dic trung 12 :
+ Push(S,X) : Chén phin t& dit liéu X vao dinh Stack S .
+ Pop(S,X) : LAy ra khdi stack S phinti dit liéu & dinh va chira né
vao bién X ).
Gidi thuat khong dé qui tinh V, = A(X) dua trén 2 cong thic (2.1),(2.2) va st
dung Stack S 1a :
+ Budc 1 : tinh U;bit ddutir U, theo (2.1) luu vao Stack S
CreateStack(S) ; (tao stack rdng S)
k:=0;
U=X;(U,=X)
push(S,U) ; ( chen Ug vao dinh stack S )
while C(U) do begin
k:=k+1;
U :=CS(U) ; (Uks1 = CS(Uk))
push (S,U) ; ( chen Uy, vao dinh Stack S )
end ;

+ Budc 2 : LAy dif liéu trong Stack S tinh V; theo (2. 2)
pop(S,U) ; (U=Ux)
V:=BSU) ; (C(Uy) sai; V=V =BS (Uy))
for i := k-1 downto 0 do
begin
Y =U; (Y = Ui
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pop(S,U) ; (U = 1))
V = DS(V,ES(Y,U)) ; (C(U)) ding ; Vi=DS(Vi;1,FS(Uis1,Uy)) )
end ;
{ V=AX,) }

Hodic :

+ Budc 1: tinh Ujbit dautr U, theo (2.1) luu vao Stack S
CreateStack(S) ; (tao stack rdng S)
U:=X,;(Us=Xy,)
push(S,U) ; (chen Ugp vao dinh stack S )
while C(U) do begin

U :=CS(U) ; (Uk+1 = CS(Uk))
push (S,U) ; ( chen Uy vao dinh Stack S )
end ;
+ Budc 2 : LAy dit liéu trong Stack S tinh V; theo (2. 2)
pop(S,U) ; (U=Ux)
V:=BSWU) ; (C(Uy sai; V=V =BS (Uy))
While(not emptystack(S)) do

begin
Y =U; (Y = Uiy
pop(S,U) ; (U =1U)

V = DS(V,FS(Y,U)) ; (C(Uj) ding; Vi=
DS(V1+1,FS(U1+1,Ui)) )
end ;
{ V=AXo) }

Co ch€ luu trit ddy dit lieu LIFO bing Stack 1a mot dic trung clia qué trinh xt 1y
gidi thudt dé quy diéu cAn quan tAm 13 ciu tric stack thudng chi€ém nhiéu bd nhg . Vi
vay ngudi ta ludn tim cdch trdnh dung né khi con tranh dugc .

d) Mot s6° ham Arsac ddc biét ma viéc khit dé qui gidi thudt tinh gia tri
ham cé thé khong diung Stack .
d1) Trudng hgp thid tuc CS la song dnh .
Trudng hgp CS 1a song 4nh tf mién D 1én mién D thi ham CS c6 ham ngugc
cst'. Goi ham ngugc cia ham CS la ham CSMI .
Tacd : CSMI(CS(X)) = CS'I(CS(X)) =X v6ivVXeD.
Nén : CSMI1(Uiy)= CS'l(CS(Ui)) =U; vé6ii=k-1,..,1,0

Khi d6 ta khong cAn luu gitt cdc gid tri trung gian cda ddy { Ui } ma chi can
xud't phat tir Uy ding hAm CSM1 dé khoi phuc lai cdc gia tri U; véi i<k .
Giai thuat tinh A(X ) sé trG thanh :
+ Budc 1 : Dua vao (2.1) tinh Uy
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U =X ;(U,=X)
k =0 ;
while C(U) do begin
k = k+1;
U:= CS(U) ; (Uk+1 = CS(Ux))
end ;

+ Buéc2: Tinh Vk, Vk-1,.. V1, Vo duva vao Uk ,(2.2) va CSM1
V:= BSWU) ; (V=Vx=BS (Uy))
for 1 :== k-1 downto O do begin
Y:=U; (Y=Uy1)
U:= CSM1(U) ; (Ui =CSM1(Ui;1) )
V := DS(V,FS(Y,U)) ;
( Vi=DS(Vi+1,FS(Ui+1,Ui) )
end ;
{ V=Vo=AX)}

d2) Trudng hgp thi tuc DS c¢6 tinh hodn vi .

Xét cong thuc tinh :
Vi =DS(Vi;1,FS(Ui+1,Uj))  véimoi i<k
bat U’ = FS(Uiy1,Ui)
DS(Vi;1,U%) = Vig TU

Ta cé
= DS(V,, FS(U,U,) =DS(V,U’,) = V, TU
V1 = DS(V,, FS(U,,U)) =DS(V,,U’ )= V, TU,
V, = DS(V3, FS(U3,U,) = DS(V;3,U%) = V3T U,

=
|

Vi = DS(Vis1, FS(Uiy,Ui) =DS(Viy,U) = Vig TU; (3-1)

Vit = DS(Vy, FS(Uy,Ui.1) = DS(Vi,U’r1) = Vi T U’y
Vi = BS(Uy)

Khi DS c6 tinh hodn vi tic : DS(DS(x,y),z) = DS(DS(x,2),y)
( Viét rén kyhieuT : (x Ty)Tz=(xTz) Ty
Thuc hién th€ 1an lugt Vi rdi V, ... trong cong thic V.

Tacéd:
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Vo =ViTUG= (V, TU)DTU, = (V2 TU%) T U,
=((VsTU)TU,) TU, (VsTU ) TU,) TU,

= ((VsTU,)TU,)TU,

= ((V;TU,)TU ) TU,

Vo = (. ((VkTU)TUDTUN)T .. TU ) TUy (3-2)

(3 -2)1a mot day lién ti€p ( mot tf;ng ) k phép todn T ma ta di bi€t gidi thuat
tinh. Thuc vay :

Thi€t 1ap diy Wi nhu sau :

Wo = Vi
Wi = Wi_lTU,i.l véli 1= 1.k
Tuc la : W, = Vi = BS(Uyx) 3-3)

Wi = Wi TU . = DS(Wi.,FS(U;,Ui.p)) i=1..k
W, chinh 12 gia tri V, cin tinh .
Nhu vay giai thudt tinh Wi (Vo = A(X)) g6m 2 budc :
Budc 1: Xédc dinh k va Uy theo cong thic (1-1)
Budc 2: Tinh day W;, trong lic tinh thi phai tinh lai day Uj ,theo (3 -3)
AX)=Vo=Wk .
Gidi thuat khong dé qui tuong ng dugc xem nhu bai tip .

3. Khif dé quy mét s6 dang thi tuc dé quy thudng gip.

a) Ddn nhdp.

DPE€ thyc hién mdt chuong trinh con dé quy thi hé thdng phii td chic viing luu trit
thda quy tic LIFO (viing Stack). Vi vy chi nhitng ngdn ngit 1ap trinh c6 kha niing tao
viing nhd stack méi cho phép t6 chiic cdc chuong trinh con d& quy. Thuc hién mot
chuong trinh con dé quy theo cdch mic dinh thudng tdn bd nhd vi cach t6 chic Stack
mot cdch mic dinh thich hdp cho moi trudng hgp thudng 1a khong toi wu trong tiing
trudng hop cu thé. Vi vay sé rit cé ich khi ngudi 1ap trinh chd dong tao ra ciu triic dit
liéu stack dic dung cho titng chuong trinh con dé quy cu thé .

Phan tiép theo sé trinh bay viéc khir d& quy mot s& dang thii tuc dé quy theo huéng
thay gidi thuat dé quy bing cic vong lip va mot ciu triic dit liéu kiéu stack thich hdp .

b) Thii tuc dé qui chi c6 mot lénh goi dé quy truc tiép .

Mo hinh téng quét ctia thii tuc dé quy chi c6 mot 1énh goi dé quy tryc ti€p 1a :
PX) = if CX) then D(X)

Tran Hoang Tho Khoa Todn - Tin



Ky thudt lap trinh nang cao - 46 -

else begin
AX); PH(X)) 5 B(X) 3
end ;
Véi :
X 12 modt bién don hoic bién véc to.
C(X) 1a mot biéu thic boolean ctia X .
AX), B(X), D(X) 1a cdc nhém 1&énh khong dé quy ( khong chita 1énh goi dén
P).
f(X) 1a ham ctia X .
Tién trinh thuc hién thd tuc P(X) sé 1a :
+ Néu C(X) diing thi thyc hién D(X) .
+ Con khong ( C(X) sai ) thi thuc hién A(X) ; goi P(f(X)) ; thuc hién B(X) . (
B(X) chi dugc thuc hién khi P(f(X)) thuc hién xong ) .
MJi 1an thanh phin dé quy P(Y) dugc goi thi thong tin gidi thuat B(Y) lai
dudc sinh ra (nhung chua thyc hién ) .
Gia str quia trinh dé quy két thiic sau k 14n goi dé quy thi ta phdi thuc hién
mot diy k thao tic B theo thd tv : B(f“'(X)) , BE*X)) , . . . BE(fX))
B(f(X)),B(X). _

Pé€ thyc hién diy thao tic { B(f(X)) } theo thi ty ngugc v4i thit ty phat sinh ta cin
day dir lieu {f((X) } truy xuét theo nguyén tic LIFO. Ta sé dung mot Stack d€ luu tri
day { f(X)} = {X,{(X), f(EX) .. ., f(X),...,*'X)}

Trinh ty thyc hién P(X) dudc dién td bing mo hinh sau :

P(X)

I

C(X) = False A(X); — Push(S5,X); U:=f(X); P(U) ; POP(S,U);B(U)
(UXX)

C(U) = False A(U) ;— Push(S,U); U :=f(U)); P(U); POP(S,U) ; B(U)
( X))

C(U) =False A(U); __, Push(S,U); U:=1U)); PAW); POPS,U) ;BU)

. ™

L i

C(U) =False A(U) ;----—>— Push(S,U); U:=fU));PU); POPS,U) ;BU)
(U='(X))

C(U) = True » D(U)
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Gidi thuét thyc hién P(X) véi viéc st dung Stack c6 dang :

P(X) = { Creat_Stack (S) ; (taostack S)

While(not(C(X)) do begin A(X);
Push(S,X) ; ( ¢t gia tri X vao stack S )
X = f(X) ;

end ;
D(X) ;
While(not(EmptyS(S))) do begin
POP(S,X) ; (14y dit liéu tr S)

B(X) ;
end ;
}
Vidu:
Thu tuc dé quy chuyén biéu dién s& tif cd sd thap phan sang nhi phin c6 dang :
Binary(m) = if(m>0)then begin

Binary(m div 2);
write(m mod 2);
end;
Trong trudng hgp nay :
X la m.
P(X) 1a Binary(m) .
A(X) ; D(X) 1a 1énh rdng .
B(X) 1a 1&énh Write(m mod 2);
CX)la (m<=0) .
f(X) =f(m)=m div 2 .
Gidi thuat thuc hi€én Binary(m) khong d€ quy la :
Binary (m) = { Creat_Stack (S) ;
While (m>0) do begin
sdu :=m mod 2 ;
Push(S,sdu) ;
m:=m div 2 ;
end;
While( not(EmptyS(S)) do begin
POP(S,sdu) ;
Write(sdu) ;
end;
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c) Nhiéu lénh goi dé quy truc tiép.

cl) Thi tuc dé quy véi 2 1an goi truc tiép
Thi tuc dé quy 2 1an goi truc ti€p ¢ dang :

P(X) = if CX) then D(X)
else begin
AX) 5 P(H(X))
B(X) ; P(g(X));
end ;

Qua trinh thuc hién thd tuc P(X) sé la :

- N&u C(X) diing thi thyc hién D(X) .

- Néu C(X) sai thi thuc hién A(X) ; goi P(f(X)) ; thuc hién B(X) ; goi P(g(X)) , khi
goi P(g(X)) thi lai phat sinh 1énh A(g(X)) nhu vdy ngoai viéc phdi luu vao stack céc
gia tri fi(X) ta con phai luu vao stack cdc gia tri gi(X) tuong Gng . Khi ta 18y dit liéu ti
stack dé thuc hién 1énh B(U) ma chua gip diéu kién két thic thi ta thuc hién P(g(U))
va lai phdi luu gia tri g(U) vao stack ,... Piéu kién dirng 1a khi truy xuit tdi phan ti
luu dau tién trong stack .

Nhu vay 12 ngoai dit liéu X, con phdi luu vao ngin x&p thém thit ty 1an goi ( cum
goi)
Thuit todn khir d&¢ quy tudng dng véi thu tuc dé quy P(X) 1a :

{ Creat_Stact (S) :
Push (S, (X,1)) ;

Repeat
While ( not C(X)) do begin
AX) ;
Push (S, (X,2)) ;
X = f(X) ;
end ;
D(X) ;

POP (S, (X,k)) ;
if (k<>1) then begin
B(X) ;
X = g(X);
end ;
until (k=1);
}
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Vidu: Khi dé quy tha tuc Thap Ha Noi .
+ Dang dé quy ctia thd tuc Thap Ha Noéi la :

THN(n,X,Y,Z) = if(n>0) then begin
THN(n-1,X,Z,Y);

Move (X ,Z);
THN (n-1,Y,X,Z);
end ;

Véin 1a s6 dia, X 1a cot ddu, Z 1a cot cudi, Y 1a cot gitta ,Move(X,Z) 1a thao tic
chuyén 1 dia tir cot X t6icotZ .
Trong trudng hgp nay :
BiénX 12 bd (n,X,Y,Z).
C(X) 14 bi€u thifc boolean (n<=0).
D(X), A(X) 1a thao tdc réng .
B(X) = B(n,X,Y,Z) la thao tic Move(X,Z) ;
f(X) = f{n,X,Y,Z) =(n-1,X,7Z,Y).
eX) = e X,Y,Z) =n-1,YX,Z).
Giai thuat khong dé quy tuong duong 1a :

{ Creat_Stack (S) ;
Push (S ,(n,X,Y.Z,1)) ;
Repeat
While (n>0) do begin
Push (S ,(n,X,Y,Z,2)) ;

n:=n-1;
Swap (Y,Z ) ; (* Swap(a,b) 1a tha tuc hodn
end ; ddinoi dung 2 bi€na,b *)

POP (S,(n,X,Y,Z.k)) ;
if (k<>1) then begin

Move (X ,Z) ;
n:=n-1;
Swap (X,Y);
end ;
until (k=1);
}

c2) Trudng hgp n 1an goi dé quy truc tiép .
Thi tuc dé quy trong trudng hgp nay c6 dang :
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PX) = if C(X) then D(X)
else begin
Al(X) ;5 P(f1(X));
A2(X) ; P(f2(X));

oooooooooooooooooooooooooooo

An(X) ; P(fn(X));
An+1(X) ;
end ;

Ciing gi6ng nhu trong trudng hop (3a) 1a khi quay trd lai sau khi thyc hién mot 1an
dé quy, can bi€t d6 1a Iénh goi thudc nhém thit may trong diy 1énh goi dé€ biét thao
tdc cAn thyc hién ti€p. Vi vay trong chong can giit thém vi tri nhém I1&énh goi .

Dang ldp tuong tng 1a :

{ Creat_Stack (S) ;
Push(S,(X,1)) ;

Repeat
While (not C(X)) do begin
A1(X) ;
Push (5,(X,2))
X := f1(X) ;
end ;
D(X) ;

POP(S,(X;Kk))
While(k =n+1) do begin
An+1 ;
POP(S,(X,K)) ;
end ;
if (k>0) then begin
Ak(X) ;
Push (S,(X,k+1));
X := fk(X)
end ;
until(k=1);
}

Vi du : Khit dé quy cho thu tuc hodn vi .
+ Thd tuc hodn vi dudi dang dé quy :
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HVI(V,n) = if(n=1) then Print (V)
else for i := n downto 1 do
begin
Swap (V[nL,VI[i] ) ;
HVI(V n-1):
end ;
trong trudng hgp nay thi :
X 1abdo (V.,n). (*vector V va sd nguyén n *)
CX)la (n=1).
D(X) 1a Print (V). (* xuit vector V *)
Ai(X) 1a thd tuc Swap(V[n],V[i])(i =1..n).
An+1 12 thao t4c rong .
fiX)=f(V,n)=(V,n-1)(v6ii=1..n)
Dang lap cua thu tuc la :

{ Creat_Stack (S) ;
Push (S,(V ,n,1)) ;
Repeat
While (n>1) do begin
Swap(V[n] ,V[1] ;
Push (S,V,n2);
n:=n-1;
end ;
Print (V) ;
POP (S ,(V ,n k)) ;
While (k=n+1) do POP(S ,(V ,nk);
if(k <> 1) then begin
Swap(V[n] ,V[K]) ;
Push (S ,(V ,n k+1);
n:=n-1;
end ;
untillk=1);
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PHAN II

KIEM CHUNG CHUONG TRINH

CHUONG 1V
CAC KHAI NIEM

I. CAC GIAI POAN TRONG CUOC SONG CUA MOT PHAN MEM

Viéc st dung mdy tinh d€ gidi mot bai toan thuc t&€ thudng bao gdm nhiéu viéc.
Trong cdc cong viéc d6 cong viéc ma ngudi ta quan tAim nhat 12 viéc xdy dung cdc hé
thng phAin mém (cdc hé thong chuong trinh gidi bai todn ).

Pé xay dung mot hé thong phan mém , ngudi ta thudng thuc hién trinh ty cdc cong
viéc sau : Pic td bai todn, xay dung hé thong, st dung va bio tri.

1) Diic ta bai todn

Gdm viéc phan tich d€ nim bit ré yéu cAu clia bai todn va dién dat chinh xdc lai
bai todn bing ngdn ngit thich hdp vira thich tng vdi chuyén nganh tin hoc vira ¢é tinh
dai chiing ( d& hi€u ddi v6i nhiéu ngudi).

2) Xay dung hé thong

Trong bu6c nay sé tuin ty thuc hién cdc cong viéc sau :
- Thi€t k& : Xdy dung mo6 hinh hé thdng phian mém cin c6. Trong budc nay,
cong viéc chi y€u 1a phan chia hé thdng thanh cic module chifc ning va xac dinh 1o
chitc niing cla tirng module cling nhu méi twdng tdc gitta cdc module véi nhau. Chic
ning clia mdi module dugc dinh 16 bdi dic ta clia titng module tudng Gng.
- Trién khai tirng module va thf nghiém :
Vi€t chuong trinh cho tirng module (bai todn con) thda "ding" dic td da dit ra. Tinh
ding ctia chudng trinh dudc quan tAm bing 2 huéng kh4c nhau :
+ Chitng minh tinh diing mot cach hinh thac (thudng 1a mot cong viéc kho

khén) .

+ Chay thit chuong trinh trén nhiéu bd dit liéu thit khdc nhau mdi bo di
liéu dai dién cho mot 16p dit liéu (thudng 12 mot cong viéc tdn kém ). P& c6 tinh
thuy&t phuc cao, ngudi ta cin chay thit trén cang nhiéu bo dif liéu cang tdt. Khi thi
néu phat hién sai thi phdi stta lai chuong trinh con chua phét hién sai thi ta con tam tin
chuong trinh ding (chay thit chi c¢6 tic dung phdt hién sai va ting long tin vao tinh
ding chit khong chirng minh dudc tinh ding ).
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- Thtt nghiém & mifc dd hé thong : Sau khi tirng module hoat dong tot, ngudi ta cin

thit sy hoat dong phdi hgp clia nhiéu module, thu nghiém toan bd hé thong phan mém.

Thit nghiém tinh ding theo bAt cif cdch nao thi cling rat tdn thdi gian va cong stc

nhung lai 1a mot viéc phdi lam ctia ngudi 14p trinh vi ngudi 14p trinh ludn luén phai
bdo ddm chuong trinh minh tao ra thda ding dic ta.

3) Sit dung va bdo tri hé thong
Sau khi hé thdng phan mém hoat dong 6n dinh, ngudi ta dua né vao si dung.
Trong qud trinh sit dung c6 thé c6 nhitng diéu chinh trong dic ti cda bai todn, hay
phét hién 13i sai clia chuong trinh. Khi d6 cAn xem lai chuong trinh va sita ddi ching.
Céc yéu cau sau cho qiia trinh xdy dyng phAn mém :
a) Can xay dung cic chuong trinh d& doc, dé hiéu va dé sita doi.
Diéu nay doi héi mot phuong phdp tot khi xay dung hé phan mém : phin rd tot hé
thong , st dung cdc ciu triic chuin va c6 hé thong khi vi€t chuong trinh ,c6 suu liéu
diy da .
b) CiAn ddm bdo tinh ding. Lam th€ nao d€ xdy dung mdt chudng trinh "ding" ?
Mot diéu cin chd ¥ 1a: Phép thit chuong trinh chi cho kh3 niing chi ra chuong trinh
sai né€u tinh ¢ phat hién dugc chi khong ching minh dugc chuong trinh ding vi
khong thé thir hét dugc moi trudng hgp. Vi vy ngudi ta ludn cd ging chiing minh
chuong trinh ding cia chuong trinh bing logic song song vdi chay thit chudng trinh.
C6 2 céch chinh thudng duge sit dung d€ didm bdo tinh ding cia phAn mém trong
qué trinh xay dyng hé thong :
- Viét chuong trinh rdi chitng minh chuong trinh ding.
- Vira xdy dung vira chitng minh tinh ding ctia hé thong.
Viéc tim ki€m nhitng phuong phap xdy dung t6t d€ c6 thé vira xdy dung vira ki€m
chitng dudc tinh ding lu6n 1a mot chii dé suy nghi clia nhitng ngudi 1ap trinh .

IL. PACTA

1. Pic td bai toan

a) Khdi ni¢m.
Khi c6 mot vadn dé ( mot bai todn) can dugc gidi quyét , ngudi ta phat bi€u bai todn
bing mot vin ban goi 1a dic td bai todn (problem specification).
Céac bai todn dit ra cho nhitng nguGi lam cong tac tin hoc thudng cé dang sau : Xay
dung mot hé thong xit Iy thong tin ma hoat dong clia né :
- Dya trén tap dit liéu nhip (thdng tin vao) thod min nhitng diéu kién nhat dinh.
- X4y ra trong mot khung cdnh mdi trudng han ché& nhat dinh.
- Mong mudn sdn sinh ra modt tap dit liéu xuat (thong tin ra ) dugc quy dinh trude
vé ciu triic va ¢c6 mdi quan hé véi dit liéu nhap va moi trudng dugc x4c dinh trudc .
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Nhitng khia canh trén dudc thé hién trong dic t3 bai toin (DTBT) .

b) Tdc dung ciia ddc td bai todn .
- La co s§ d€ dit van dé, d€ truyén thong gilta nhitng ngudi dit bai todn va nhitng
ngudi gidi bai todn .
- La cd s& dé nhitng ngudi gidi bai toan trién khai cic gidi phdp cda minh .
- La co s§ d€ nhitng ngudi gidi bai toan ki€m chitng tinh diing ctia phAn mém tao ra

- La phuong tién d€ nhiéu ngudi hi€u tinh ning cta hé thong tin hoc ma khong
can (thudng 13 khong c6 kha ning) di vao chi ti€t cla hé thong .

DPé dat dugc 4 muc tiéu trén, PTBT can gon, 1d va chinh xdc .

Pé dat dudc muc tiéu thit 2, thi 3 thi ngdn ngit d€ vi€t DPTBT can phai c6 tinh hinh
thitc (formal) va trén ngdn ngif ndy cin c6 cdc phuong tién d€ thuc hién cic ching
minh hinh thifc . Ngon ngit thich hop véi yéu cau nay 13 ngdn ngit todn hoc va hé
logic thich hgp 1a logic todn hoc. Ngudi ta thudng st dung ngdn ngit bic nhit (véi
céc khdi niém va todn tif todn hoc) va logic bac nhat .

Tuy theo mitc do phifc tap clia bai todn ma phuong tién dién dat DPTBT c6 nhitng
miutc do phuc tap va mic do hinh thitc khiac nhau .

G muc bai todn 16n, trong mdi quan hé giita ngudi st dung va ngudi phan tich,
ngudi ta diing : sich hop ddng trach nhiém (cahier des charges), so dd t8 chitc, bi€u dd
luan chuyén thong tin ... Giita nhitng ngudi phan tich, ngudi ta ding phi€u phin tich
cdc don vi chifc ning, bi€u dd chic ning...

K&t qua phan tich dugc chuyén thanh yéu cau véi ngudi 14p trinh biing cdc dic ta
chuong trinh (BTCT - program specification) .

2. Pic ta chuong trinh (PTCT).

DTCT gdém cdc phin sau :

- D liéu nhdp : Cdc dir kién ma chuong trinh st dung . Pic trung quan trong 1a
danh s4ch dif li€u nhip va cdu tric clia chiing , c6 khi cAn néu ngudn gdc , phuong tién
nhip ctia mdi dit liéu nhap .

- biéu kién rang budc trén dir li€u nhiap : 1a nhitng diéu kién ma dir liéu nhip phai
thod dé€ hé thong hoat dong diing . Chuong trinh khong bdo ddm cho két qua ding khi
thuc thi cdc bd dir liéu khong thod cac diéu kién nay .

Trong phan mo ta dit kién nhip cin néu lén :
+ CAu tric : ki€u dit liu ( cac thanh phan, sy k&t ndi cdc thanh phin ).
+ Cdc rang budc trén gia tri cia ching .

- Dit liéu xudt : Cdc dif liéu ma chuong trinh tao ra . Cling nhu phan dif liéu nhap,
can néu rd danh sdch dif liéu xuit, ciu tric clia ching, c6 khi cin néu phuong tién
xudt clia tirng dit liéu xuAt.
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- Piéu kién rang budc trén dif liéu xud't: Nhitng di€u kién ring budc ma dit liéu xuat
phai thod. Chiing thé hién yéu cau clia ngudi st dung ddi vdi chudng trinh. Cic diéu
kién nay thudng lién quan d€n dit liéu nhap .

Vidul:

Viét chuong trinh doc vao mot s6 nguyén duong N rdi xuit ra man hinh N s6
nguyén to dau tién.

bic td chuong trinh :

+ Dit liéu nhap :mdts6 nguyén N .

+ Diéu kién nhiap : N> 0, nhip vao tir ban phim.

+ Dif liéu xudt : motday gom N s& nguyén .

+ Diéu kién xudt : 12 ddy N sd nguyén t§ ddu tién , xuit ra mam hinh .
Vidu?2:

Viét chuong trinh doc vao mdt ddy N s6 nguyén , xudt ra man hinh day da sip x&p

theo thi tv khong gidm.
Pic td chuong trinh :
+ Dif liéu nhdp : motarray A c6 N phan tir 12 s6 nguyén .
+ Diéu kién nhip : nhip tif ban phim .
+ Dif liéu xudt :array A' c6 N phin tif 1a s6 nguyén.
+ biéu kién xuit : xudt ra man hinh ,A' 13 mot hodn vi cia A , A' 12 mdt
day khong gidm. (1<= i< j <= N==>A'li] <= A'j] )
Chi y : Mot dic ta t6t cho mot dinh huong ding vé st dung hop 1y cdc ciu tric dit
liéu va mot gdi y tot vé huéng xay dung gidi thuat cho bai todn.

3. Pic ta doan chuong trinh .

a) Khong gian trang thdi.

Mot chuong trinh st dung mot tip cac bi€n xdc dinh. Mot bién thudc mot ki€u dir
liéu xdc dinh. Mot ki€u dir liéu xdc dinh mot tap gia tri ma mdi bi€n thudc ki€u c6
thé nhan .

Tap gid tri ma bi€n chuong trinh X c6 thé nhian (mién x4c dinh clia bi€n X ) goi la
khong gian trang th4i (state space) ctia bién X .

Xét chuong trinh P gid st P st dung cdc bi€na,b,c,. .. véicic khdong gian
trang thdi tuong tng la : A, B, C ... thi tich Decartes cia A,B,C,... (A"B" "CA*.)la
khong gian trang thai cia chuong trinh P .

b) Ddc ta doan chuong trinh.

Xét mot tién trinh xit 1y thyc thi mot chuong trinh . Mdi 1énh clia chudng trinh bién
ddi trang thai cdc bién clia chudng trinh tif trang thdi nay sang trang thdi khic , xuit
phdt tir trang thdi ddu ( trang thdi khi bit diu ti€n trinh x{ 1y) k&t thic tai trang thdi
cudi ( trang thdi khi ti€n trinh xtt 1y k€t thic).
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o) tirng thdi di€m trude hoic sau khi thuc hién mot Iénh , ngudi ta quan tAim dén tip
hogp cdc trang thdi c6 thé clia chudng trinh. TAp hgp cdc trang thdi nay sé dudc biéu
thi b&i cdc tin tir bic nh4t v6i cdc bi€n 1a cdc bién clia chudng trinh.

Vidu 1 : Poan chuong trinh sau tinh tich clia hai s6 nguyén duong a va b

{(a>0)and (b>0)} // rangbudc trén trang thdi dau .

X = a;
y:=b;u:=0;
{(x=a)and (y=b)and ((u+x*y) =(a*b)) } // rang budc trung gian trén
repeat {(u+x*y =a*b)and (y>0) } trang thdi cua CT.
u:=u+a;
y =y-1;
{(u+x*y =a*b) and (y >=0) } // rang budc trung gian trén trang
thai
until (y=0) ctia chuong trinh.
{u=a*b} /I rang budc trén trang th4i xuat

MBJi tan tif trong vi du trén md td mot tAp cdc trang thdi cé thé c6 & di€ém dé.

Vidu 2 : Poan chuong trinh hodn d8i noi dung ctia 2 bi€n x va y, ding bi€n t 1lam
trung gian.
{(x=Xq and(y=y,)} // x,ymang gia tri ban dau bAtky nao d6

t.=Xx;
X:=y;
y: =t

{(x=Y,) and(y=X,) } //x,y saucling mang gi4 tri hodn ddi cia nhau.

Trong vi du nay d€ bi€u dién quan hé giita ndi dung cdc bi€n v6i ndi dung clia mot
s6 bi€n bi gdn tri, ngudita cAn phdi ding cic bi€n gid (ghost variable). Vi du & day
12 X, vay, bi€u thi ndi dung clia x va y trudc khi thuc hién doan chuong trinh.

Vidu3 :
Nhan 2 s6 nguyén duong x , y, k&t qué chifa trong u .
{(x=% >0)and (y =y, >0)}
u:=20;
repeat
u:=u+x;
y=y-1;
until (y = 0)
{u=Xo*yo }
That ra & day tap hgp cdc trang thdi xut thyc sy 13 nhd hon, bi€u thi bdi mot diéu
kién chit hon, dé 1a : {(u=%,%*yo) and (y=0)and (x =%, ) }
Téng quat ta cAn khio sit mot doan chuong trinh S vdi 2 diéu kién di trudc P va
di sau Q . Can chitng minh riing n€u xuit phit tif trang th4i thod P thi hanh1énh S thi
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can dat tdi trang thdi théa Q . P dudc goi 1a diéu kién dau (precondition) , Q dudc
goi la diéu kién cudi (postcondition). Cap tan tir (P,Q) , dugc goi dic ta cia doan 1é€nh
S.B06 3 S, P, Q tao nén mdt diic td doan Iénh thudng dugc mo ta hinh thitc bing tp ky
higu: {P} S {Q}

( {P}:taptrang thdithda tinth P, { Q } :tip trang thdi thda tAin tr Q )

Viéc thi€t 1ap cac khing dinh & nhitng di€m khéac nhau trong chuong trinh nhim dé :
+ Hoic 1a dic t4 modt doan chuong trinh cAn ph3i xay dung : tim S théa P, Q cho
truGe.
+ Hoic 13 co sé d€ chitng minh tinh diing ctia doan chuong trinh S ( doan chudng
trinh S thod dic td ).
+ Hoic d€ dic td ngit nghia doan chuong trinh (thyc hién suu liéu chuong trinh)
nhim muc dich lam ngudi doc hi€u dudc y nghia clia doan chuong trinh

III. NGON NGU LAP TRINH.

DPé€ ki€m chitng tinh ding clia mot doan chuong trinh, diu tién can trinh bay doan
chuong trinh d6 trong mot dang ngdn ngif 14p trinh chuin muc & dang cot 16i.
Ngon ngit 14p trinh & dang cot 16i chi bao gdm cdc thao tidc chudn : 1énh gdn, Iénh
diéu kién, 1&énh 13p while va 1énh ghép (diy tuin tu cic 1énh).
Ct phédp clia ngdn ngit cot 16i duge dinh nghia trong dang BNF nhu sau :

< 1énh > :>=<1€énh don > | day I€nh

<lénhdon> ::=<l1énh gin>|<Iénh di¢u kién >|<1énh lip >

<daylénh> :=<I1énhdon>|<1énhdon>";<daylénh>

< nhém I€nh > ::= < 1é€nh don > | 'begin' < day 1énh > 'end'

<lénh gdn> ::=<bi€n>"='< bi€u thic >

< 1énh diéu kién > ::= 'if < biéu thiic > 'then’ < nhém 1énh > 'else’ < nhém 1énh > |
'if' < bi€u thic > 'then' < nhém 1énh >

<lénhlip> ::= 'while' <biéu thic> 'do' <nhém lénh >

Pinh nghia trén x4c dinh ring mdi < 1énh > ma ta kh3o st c6 thé 1a :
- <Lénh don> : bao gdm cic trudng hop :

+ < Lénh gin > Vidu: Y =(X+Y)*Z;

+ < Lénh diéu kién > ma < nhém lénh> sau 'then' hay 'else' c6 thé 1A mot
<lénh don> hay mdt <day lénh> dudc bit diu bdi 'begin' va chim dit bdi 'end'.

Vidu: if(x>0) then y := z
else begin z = x*2;
if(z=y) then y := 0
end ;
+ < Lénhldp > v6i mot < biéu thitc > bi€u thi diéu kién ldp va < nhém 1énh>
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Vidu : while (x>0)do begin y = x;
while (y>0) doy =y-1;
X :=Xx-1;
end ;
- <Ddy Iénh> chinh 13 diy tuin ty cdc <lénh don> ngin cdch bdi dau ;'
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9 CHUONG V )
KIEM CHUNG TINH PUNG CO PIEU KIEN

I. CAC KHAI NIEM VE TiNH PUNG.

Xétbd 3 gébm : doan 1énh S, cdc tAn tif trén cdc bién clia chuong trinh (c6 thé bao
gdm cdc bi€n gid) P, Q ( P mo ta diéu kién dau , Q mo ta diéu kién cudi ).

B63:{P} S {Q} taonén dictid doanlénhS.

Pictd: {P} S {Q} dudc goila thda diy di ( ding day di — d d d ) néu xuat
phat tir bAt ky 1 trang thdi thda P thyc hién doan 1énh S thi viéc x{t Iy sé dirng & trang
théi théa Q .

Pictd: {P} S {Q} dugc goila thda c6 diéu kién ( diing c6 diéu kién — dedk )
néu xudt phdt o bat ky 1 trang thdi thda P thyc hién doan 1énh S néu viéc xit Iy dirng
thi trang thdi cudi thda Q ( tinh dirng cdia S chua dugc khing dinh ).

Khing dinh { P} S {Q} dién dat tinh ding c6 diéu kién (condition
correctness) (tdcdk) cia S. Tinh ding ctia S dva trén dkd P va dkc Q v6i gia dinh
ring tinh dirng cta S da co.

Vidu: a){(x=x,)and(y=y,) } Néu (x =X,) va (y =y, ) truSc khi
t:=x t:=x dudc thi hanh

{(t=x=%xo,)and(y=Yyo) } Thisaudd (t=x=X,) va(y=Yo)
b) {(t=x=Xx,)and (y=y,)} NEu (t=x=x,) vd (y=y,) trudc khi
X =y x =y dudc thi hanh
{(t=xo)and X=y=Yy,) } Thisaudo (t=%X,)va(xX=y=Y,)

c){(t=%X,)and (x=y=yo)} NE&u (t=x,)va (X=y =Yy, ) trudc khi

y =t y :=t dugc thi hanh
{(y=Xo)and (x=y,) } Thisaudé (y=x,) va (x=1Yo)
Céc phat bi€u a, b, ¢ 13 ding theo cAm nhan clia ta vé 1énh gin.
d){x>0} Néu (x>Xx,) trudc khi
X = x-1 x :=x-1 dudc thuc hién
{x>0} Thisaudoé (x>0)

Phat bi€u d 1a sai vi c6 mot trang thdi ban ddu x =1 thod P ( x > 0) nhung sau
khi thi hanh1énh x := x -1 (x gidm 1) thi x=0 khongthod Q (x>0).

IL. HE LUAT HOARE (HOARES INFERENCE RULES).
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D€ c6 thé thyc hién chitng minh hinh thic vé tinh ding cda cidc doan chuong
trinh, ta cAn c6 nhitng tién dé mo ti tdc dong clia cédc thao tic x{t 1y cd ban (Iénh cd
ban ) clia ngdn ngit ding viét chudng trinh ( § ddy 1a ngdn ngit cot 161 di dugc gidi
thiéu o IV.3). Mot hé tién dé c6 tdc dung nhu thé clia Ca. Hoare , dudc trinh bay dudi
dang mot hé luit suy dién (inference rules ) dugc xét dudi day .

1. Cac luat hé qua (Consequence rules)

la.

P=>Q.{Q} S {R}
(1a)

{P} S {R}

Né&u dkd P manh hon diéu kién Q Técla:P= Q hay {P} < { Q! ( tip hdp
céc trang thdi thod P 1a tdp con clia cdc tAp trang thdi thod Q) va mdi trang thdi thod
Q déu ddm bdo trang thdi sau khi thi hanh S (v6i gid dinh S dirng) thod R thi mdi
trang thdi thod P déu ddm bdo trang thai sau khi thi hanh S (v6i gid dinh S dirng) thod
R.
Vidu I : Ki€ém chitng tdcdk dic t3 sau :
{x=3} x =5y =2 {x=5y=2}
Tacd: {true} x:=5;y:=2{x=5;y= 2} (a) //tamcdng nhdn
va (x=3) =>true (b) // hién nhién
Nén {x=3}x:=5;y =2 {x =35,y =2}/ theotién dé (1a)
Vi du 2 : Ki€ém chitng tdcdk dic t3 sau :
{x>3} x =x-1 {x>0}

Tacé: {x>1} x :=x-1 {x>0} (a) /tam cong nhan
va (x>3) = (x>1) (b) // hién nhién
Nén {x>3} x =x-1 {x>0} // theo tién dé (1a)

1b.

Q=>R,{P} S {Q}

(1b)
{P} S {R}

Vidu3: Kiém ching tdedk dic t3 sau :
{true} x :=5;y =2 {odd(x)and even(y) }
Tacé: {true} x:=5;y:=2 {(x=5),(y=2)} (a) // tam cong nhan
vd ((x=5)and (y =2)) => odd(x) and even(y) (b) // hién nhién
Nén {true} x := 5;y := 2 {odd(x)and even(y) } //theo (1b)

Tran Hoang Tho Khoa Todn - Tin



Ky thudt lap trinh nang cao - 61 -

Vidu 4: Kiém chitng tdedk dic ta :
{x>1} x:=x-1 {x>=1}
Tacd: {x>1} x :=x-1 {x>0} (a) //tamcOng nhdn
va (x>0) = (x>=1) // (b) // vix1a bi€n nguyén
Nén {x>1} x:=x-1 {x>=1} //theo (1b)

Hai ludt nay cho phép lién két cdc tinh chit phdt sinh ti ciu tric chuong trinh
véi cdc suy dién logic trén dit kién.

2. Tién dé gian (The Assignement Axiom)

{ P(bt) } x:=bt {P(Xx)} (2)

Tir (2 ) ta suy ra néu truSc 1énh gdn x := bt ; trang thdi chuong trinh lam P(bt) sai
(thod not P(bt) ) thi sau 1é€nh gan P(x) cling sai (thda notP(x)).
Lénh gdn x :=bt xod gid tri cli clia x, sau lénh gdn X mang gid tri mdi la tri cia
biéu thifc bt , con tit cd cdc bién khac van giit gid tri nhu cii.
Vi du : Tinh ding c6 diéu kién clia cdc dic ti sau dugc khing dinh dya vao tién dé
gin
a){x=x} y=x {x=y}
b){ O<=s+t-1} s:=s+t-1{ 0<=s}
of{i=10} j:=25 {i=10}

, A A , A 3 oA oA
3. Cac luat vé cac ciu truc diéu khién .

a) Ludt vé ddy lénh tudn tu ( Rules on Sequential Composition )

{P; St {R},{R} S {Q}
(3.1)

{P} Si:S {Q}

Gia dinh c6 tinh dirng ciia S; va Sy, ludt nay phdt bi€u y sau :
Né&u: i) Thihanh S;v6i dkd P ddmbdo dkcR (dictd {P} S; {R}dcdk)
ii) Thihanh S, v6i dkd R ddmbidodkcQ (dictd {R} S, {Q} dcdk)
Thi:thihainh S = S;;S, véi dkd Pddmbiodkc Q (ddctd {P} S1:S, {Q} d
cdk)
Vidu: Kiém ching tdcdk dic t3 :
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{true} x :=5;y =2{x=5,y=2}

Taco: {5=5} x:=5 {x=5} (a) //tién dé gin
true =>(5=5) va (x=5=>((x=5and(2=2)) (b) // hién nhién
{true} x:=5 {(x=5and (2=2) } (c) //theo luat hé qla
{x=5,2=2}y:=2 {(x=5and(y=2)} (d) // tién @é gin
{true} x :=5;y =2{x=5,y=2} // theo luat tudn tu

b) Ludt vé diéu kién (chon) (Rule for conditionals)

bl)
{P and B} S; {Q},{Pand (notB)} S, {Q}
(3.2a)
{P} if B then S; else S; {Q}
Y nghia ludt nay Ia :
Néu ¢6 :
{Pand B } + N&u xudt phat tif trang th4i théa P and B
S thi hanh S; thi sé tGi trang thdi thda Q
{Q}
Va
{ P and notB } + NE&u xudt phdt ti trang thdi thda P and not B
S, thi hanh S, thi sé tGi trang thdi thda Q
{Q}
Thi suyra :
(P} Néu xuat phdt tr trang thai thda P
if B then S; else S, thi hanh 1énh if B then S; else S;
{Q} thi sé tdi trang thdi thda Q .
b2)

{Pand B} S {Q} ,Pand(notB) => Q
(3.2b)

{P)if B then S {Q!

Vidul : Kiém ching tdcdk dic ta :
{i>0} if (i=0)then j:= 0 else j:=1 {j=1}
Ta co : (@>0)and i=0)) = false (a) //hién nhién
{(@>0)and (i=0)} j:= 0 {j=1} (b)//{false} S { Q } ding v4i V

S.,Q
((i>0) and not(i = 0)) = true (c) // hién nhién
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{true} j:==1 { j=1} (d) //tién dé gan

{i>0)andnot(i=0)} j:= 1 {j=1} (e) // c,d ,luat hé qta

Tir b ,e va tién dé 3.2a ta suy ra PPCM.
Vidu2: Kiém chitng tdcdk dic ta :
{i >=j-1} if (i>j) then j := j+1 else i := i+1 {i>=]}
Taco: {i >= j+1} j = j+1 {i>=j} (a) //tién dé gdn
((i >= j-)and (i>j) ==> (i>=j+1) (b)// bi€nddi véichiyi, ]
nguyén

{G>=j-Dand (i>j)} j :=j+1 {i>=]j} (¢)//ab ludthé qua
{i+l>=3} 1 = i+1 {i>=]j} (d)// tién dé gin

((i >= j-1) and not(i > j)) ==> (i+1 >=j) (e)// bi€n ddi

{G>=j-1)andnot(i>j)} i := i+ 1 {i>=j} (g)//d,e,ludthé qui)

Tu ¢, g dua vao 3.2a suy ra PPCM.
Vidu3: Kiém chitng tdcdk dic ta :
{true} if odd(x) then x := x+1 {even(x)}
Tacé: {even(x+1l)} x := x+1 {even(x)} (a) //tién d@é gan

true and odd(x) ==> even(x+1)  (b)// hién nhién

{true and odd(x)} x:=x+1 {even(x)} (c)//a,b,ludthé qua

true and not odd(x) ==> even(x) (d) // hi€n nhién

Tu (c) va (d) dua vao 3.2b suy ra DPCM .

b3) Luit vé 1énh lap While

{l'and B} S {1}

—————— (3.3)
{I} while B doS {I and (notB) }

Luit ndy néi ring n€u I khong bi thay d6i bdi mot 1an thyc hién 1énh S thi n6
ciing khong bi thay d6i bdi toan bo 1énh lip While B do S. V§i ¥ nghia nay I dugc goi
12 bt bién (invariant) clia vong 13p.

Chii y ring khing dinh : { P} while B do S { Q} thda dua vao hé luit Hoare
chi xdc dinh tdcdk (conditionnal correctness). P& chitng minh tinh ding (correctness)
thyc sy ta cAn b6 sung chitng minh 1énh lip dirng.

Vidul :

Ki€m chiing tinh diing c6 diéu kién clia dic ta :
{i<=n} while(i<n) do i := i+l {i=n}
XemI la (1 <=n) thi:
{Iand(i<n)} i:=i+l {I} (a)// d&ki€m ching
Nén {I} while (i<n) do i:=i+l {Iandnot(i<n)} (b)//luit3.3
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Ma I and not(i<n) = (i<=n)and(i>=n)==>i=n (c)
T b ,c, ludt hé qia ta c6 DPPCM.
Vidu2: Kiém chitng tinh ding c6 diéu kién clia dic ta :
{sum=0,i=0,n>0}
while (i<>n) do begin
1:=1+1 ; sum := sum+i /'S
end ;
{sum = n* (n+1)/2} //tGc sum = 1 +2+ ... +n
(3dﬁy:l la (sum= i*@i+1)/2); B= (i<>n)
Ta c6 :
{(sum =1*@{+1)/2) ,(i<>n)} i:=i+1 ; sum :=sum+i {sum =i*(i+1)/2}
(a) //tién dé gan va tuan

tu
{I} while BdoS {IandnotB } (b) // a,va luat 3.3
(s=0)and (i=0)and (n >0) ==> s =1*@1+1)/2 (c) //hién nhién
(s =1*(i+1)/2) and not(i<>n) ) ==> s=n*(n+1)/2 (d) //hién nhién

Tu b, c,dtasuy ra DPCM.

III. KIEM CHUNG POAN CHUONG TRINH KHONG CO VONG
LAP.

Cho : P, Q 1a cdc tAn tir trén c4c bi€n clia chuong trinh , S 12 mdt 1énh to hgp tir cdc

1énh gdn vé6i ciu tric diéu kién va tudn ty. Ching minh dictd : {P} S {Q}
ding day di .

o) day vi mdi 1énh chi dudc thi hinh mot 1An nén tinh dirng ctia doan 1énh S dugc suy
ra tif tinh dirng clia 1énh gdn ma ludn dudc xem 14 hi€n nhién . Vi vdy trong trudng hgp
nay tinh ding c6 diéu kién tring véi tinh ding dau da.

1)Baitoan 1: S1a ddy tudn ty cdc 1énh gén .
Vidul : Ki€m chitng tinh diing ctia doan 1énh ho4n ddi ndi dung 2 bi€n x va y
a) {(x=xo) and (y=1y,) }
ti=Xx; Xi=y,; y:==t;
{(x=yo)and (y =%,) }

Ching minh
{x=yo)and (t=X,) } yi=t {X=yo)and(y=x,) } (a)//tiéndégén
{(y=yo)and (t=%,) } x:=y {X=yo)and (t=X,) } (b)//tiéndégén

{(y=yo)and (t=%x,)} x:i=y;y:=t {xX=y,) and(y=x,)} (c)//a,b,luat
tuan tu

{(y=yo) and (x=X,) } t:=x {(y=Yo)and (t=%,) } (d)//tiéndégén

((x=x,)and (y=y,)) = ((y=yo) and (x=%,) } (e ) // giao hodn

{(x=x0)and (y=yo) } t:=x {(y=Yyo)and (t=x,) } (g)//d e, luat hé
qua
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{x=%Xo)and (y=yo) } t:=x;x:=y;y:=t{(X=yo) and (y =x,) (h)// ¢ ,g, ludt
tuln tu
Vidul : Ki€m chitng tinh diing clia dic ta :

{ (m:k=2*m) and (y * 7K =0)}

k := k div 2 ;
z:=2%z ;
{y*z=¢)
Chung minh :
(@) {y * (z*2)" = ¢} z = 2%z {y*" = c} (tién dé gdn)
(b) {y *(z*2)*™? = ¢} k:=k div 2 {y*z*2)* = c} (tién dé gdn)

(c) {y* (z*z)kdiV2 =c} k:=kdiv2;z = z¥z {y*z)k =c} (a.b,ludttuln ty)
(d (m:k=2*m) and (y*z° = ¢) ==>(y*z"™ = ¢)and (m=k div 2)
—os o (gg)R W2 2
c,d, ludt hé qua suy ra BPPCM.
Nhan xét :
Véi diy tuin tu cdc 1énh gdn, viéc chitng minh {P} S;; ..;S, {Q} thuéng dudgc

bdt dau tir 1énh cudi ciing, ding tién dé gan d€ dugc dkd, rdi ct thé 1An ngugc vé dén
SI.

{P.} S, {Q} (n) tim P, tr S, ,Q va tién dé gdn
{Poi) Sar {Pa}  (n-1)Gm P, ti¥ So. , P, va tién dé gén

{Pn1 } Snci 5 Sn {Q} luat vé day I&énh tuin ty

{Py } S1:;..;S, {Q} (D sau n-1 1An tuong tu nhu trén.
Sau d6 dung céc tinh ch't clia dit kién chitng minh logic ring :
P ==> P; (0)
Tw (1), (0) ,dva vao ludthé quatacé: {P} S;;...; Sy {Q} (PPCM)

2) Baitodn 2 :
a) Kiém chiing dacta : {P} if B then S; else S, {Q}
V61 Sy, S; 1a nhém céc I€nh gédn , B 1a biéu thiic boolean.
Cé4ch chitng minh :
+BuGc 1 : Tim Py, P, thoa : {P;} S1 {Q} (1a)
{P>} S2 {Q} (1b)
+ Budc 2 : Chiing minh ( dung céc tinh ch't logic va dai so )
P and B ==> P; (2a)
P and (not B) ==> P, (2b)
+ Budc 3 : Dung luat hé qué suy ra :
{Pand B} S; {Q} (3a)// 1a ,2a,va luat hé quia
{Pand (not B)} S, {Q} (3b)// 1b ,2b, va ludt hé qua
+ Budc 4 : Diing (3a) , (3b) , luat diéu kién suy ra :

Tran Hoang Tho Khoa Todn - Tin



Ky thudt lap trinh nang cao - 66 -

{P} if B then S; else S, {Q} (PPCM)

b) Kiém ching dic ta : {P} Sp; if B then S; else S, {Q} ()
v61 St, So, Sp la dﬁy ciclénh gin
Vi du : Kiém chitng dic t3 :

{y>0}
x:=y-1;
if (y >3) then x :=x*x
else y:=y-1
{x>=y}
DPé€ khing dinh dugc (*) ta cAn chi ra 1 khing dinh R ma :
{P} So {R}

va (R} if B then S; else S, {Q} rdidung ludthé qua dé c6 (*)

Lam th€ nao dé tim dudc R ? Do S; va S, 12 nhém Iénh gan tudn ty nén ta cé thé

tim dugc (bing tién dé gdn va luat vé diy lénh tuan ty ) U va V dé€ :
{U} S2 {Q} va{V} S; {Q}.

Di nhién ta mudn U va V 1a cdc diéu kién tong quét nhat c6 thé (3 diy la yéu
nhat). R dudc xay dung th€ ndo tirt U va V 2 Kha ning tdng quat nhit cho R d€ sau
khi di€m diéu kién B s& c6 dugc U hoic V 1a : R = (B==>U)and (not B==>
V)

Nhu sau ndy sé chira U, V, R dudc xay dung nhu viy 13 y€u nhit (weakest
precondition) dé dat duge Q tuong ng véi 1an ludt cac 1énh Sy, S, va if B then S
else S,, va dugc ky hi€u 1a : WP(S,,Q) ,WP(S5,Q) va WP(f B then S, else Si, Q)

tuong ng.
Vidul:  Kiém chitng dicta :
{y>0}
X :=y-1;
if(y>3) then x := x*x
else y =y-1;
{x>=y}

Trong vi du nay :
Platintr: (y>0); Qlatintr: (x>=y)
B 1a bi€u thitc boolean: (y >3)
Solalénhgin: x == y-1

Do S;va S;lalénhgdn: x = x ¥x;
S, lalénhgdn: y :=y-1;

Ta cé :
{x2 >=y} x:=x*X {x>=y} suyra U =WP(S,Q) = X2 >=y

2

2

()
{(x >=y-1} y = y-1 {x>=y} suyra V = WP(S;,Q)= x >= y-I

(b)

Tran Hoang Tho Khoa Todn - Tin



Ky thudt lap trinh nang cao - 67 -

v
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(B==>U)and (not B==>V)
((y>3) ==>(x* >=y)) and ((y <=3) ==> (x >=y-1))

Ta chitng minh dugc dé dang.
Rand (y>3) ==>(x> >=y) (c)
R and (not(y>3)) ==>(x >=y-1) (d)

nén theo luit hé qua
{Randy>3) S, {x>=y} ( (RandB} S, {Q}) (e)
(R and not(y>3)} S5 {x>=y} ( {Rand (motB)} S {Q}) (2)

Theo luit vé 1énh chon
{R} if (y>3) then x := x*x else y:= y-1 {x>=y} (h)
theo tién dé gan.
{ ((y>3) ==>((y-1) 2 >=y)) and ((y <=3) ==> ((y-1) >=(y-1))) }

X :=y-1
i {R} (1)
D& ki€m chitng dudc
(y>3) ==>((y-D2 >=y = te ()
(y<=3) ==>(y-1) >=y-1 = true (k)

nén
(y >0) ==> ((y>3) ==>((y-1)* >=y)) and ((y<=3) ==> ((y-1) >=(y-1))) (1)
Theo luat hé qua
{y> 0}
X :=y-1;
if (y>3) then x :=x*x else y :=y-1
{x>=y} (m)//DPPCM

Vidu 2: kiém chiing dicta :
{ true }
if (1<=j) then if (j<k)then m:=k else m:=]
else if(i<k) then m:=k else m:=i
{(m >=1) and (m >=j) and (m >=k)}
bit Q(m) = (m>=1i)and (m >=j)and (m >=k)
Ta c6 :
(@) {QM)} m:=i {Qm)}  (tién dé gin)
(b) {QK)} m:=k {Qm)}  (tién de gin)
bat R1 = ((i<k)==>Q(k)) and ( (i >=k) ==>Q(1))
duing luat vé 1&énh chon ta sé chitng minh dugc :
{R1} if (i<k) then... {Q(m)} (c)
Tuong ty dat R2 = (j<k) ==> ( Q(k) and (j >=k)) ==> Q(j)
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Tac6: {R2} if (j <k)then... {Q(m)} (d)
Diing bi€n d6i dai s6 va logic d€ chitng minh
(true and (i<=j)) ==>R2 (e)
(trueand (i>]))==>R1l (g)
T c,d, e,g, theo luit vé 1&énh chon ta c6 DPPCM.
Nhin xét :
Pé€ chitng minh dictd {P} S {Q} v6i S 1a t6 hdp 1énh gdm chi cédc 1énh gin va
diéu
kién ding day di ,ta thuc hién cdng viéc xay dung di€u kién diu y&u nhat P; clia S
ting v6i Q , sau d6 budc ki€m chitng cudi cling chi don gidn 1a chiing minh : P ==>P,.
Cong viéc trén dugc trinh bay dudi dang mot ham dé quy nhu sau :

function DKDYN (S : nhém_lénh ; Q : tAn_tir ) : tAn_tu ;
var t:ciulénh;
begin
if (S <>rdng) then begin
t := 1énh_cudi(S);
S:=S-t;
if ( t =1&énh_gan(x:=bt)) then DKDYN := DKDYN(S,Q(

x=bt) )
else (* tlalénhif *)
DKDYN := (diéu_kién(t)==>DKDYN(phan_dting(t),Q))
and not (diéu_kién(t)==>DKDYN(phan_khong diing(t),Q))
end
else DKDYN:=Q
end ;

IV. KIEM CHUNG POAN CHUONG TRINH CO VONG LAP.

1. Bat bién

Mot tinh chat dic thi cia tri tué 12 né thodt khdi cong viec ma né dang thuc hién,
khdo sit két qud ma né da 1am va ludn ludn tim ki€m, va thudng phadt hién dudc, cdc
khuén miu (Douglas R. Hofstadter).

Mot bt bi€n 1a mot tinh chit khong thay ddi ton tai trong mot khung cidnh, mot sy
kién mot qud trinh thay d6i thudng xuyén.

Mot diéu c6 vé nghich ly 13 trong mot thé gidi, thay d6i va can thiét phai thay ddi
nhanh chéng, cdc bat bién lai c6 y nghia rit quan trong ddi vdi ching ta.

Mot em bé trong mot nudc néi ti€ng Anh hoc cdch thanh 1dp dang s nhiéu clia
danh tir : dogs, cats, hands, arms ..., cich thanh 14p dang qud khi cia dong tur
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kicked, jumped, walked ... bing hoc luit khong d6i (thém's, thém ed), kém theo
véi viéc hoc thudc mot s6 trudng hop ngoai 1&. Hay tudng tugng viéc hoc sé khé nhu
th€ nio néu khdng c6 cic luat khong d6i (bt bi€n ) nay.

Viéc nhan thitc dudc cdc bat bi€n thudng din tdi nhitng 15i gidi don gidn cho cédc
bai todn kho.

Piu 6c con ngudi dudng nhu c6 mot kha ning dic biét d€ nhan thic cic bat bién
hay cdc "khudn mau".

Hay quan sat 2 day cédc hinh sau :

v ORVAN ONAN
; ‘' =N K

Hinh k€ ti€p trong mdi ddy hinh trén 13 gi ? Tinh chat bi't bi€n ctia mdi day 1a gi ?

(a) Lap lai bd 3 hinh vudng, tron, tam giac.

(b) Vé dang thi 1a sy ldp lai clia cip 2 hinh vudng 16n va nhé. V& mau thi 1a su lip
lai clia mdt mau tring va 2 mau sam.

Trong linh vyc chuong trinh cho m4y tinh, ta cling cAn nhin thic c4c su viéc biing
cdch phdt hién cdc bat bi€n. P&i v6i mdt chuong trinh, ta c6 nhi€u 1an mdy tinh thi
hanh n6, mdi I1an thi hanh dugce goi 1a mot qud trinh (process) va tdc dong trén céc dif
kién kh4c nhau. Tinh bt bi€n clia cdc qud trinh nay chinh 12 dic td cda chuong trinh.

Bén trong mot chuong trinh c¢6 thé c¢é cdc vong lip. Viéc thuc hién vong lip 1am
bi&n thién nhiéu 1an trang thii c4dc bi€n chuong trinh (cdc d6i twong dit liéu ), ma so
1an bi€n thién thudng khong biét trudc duge. Lam thé nao d€ hi€u dugc tic dong clia
vong lip va di dén chitng minh vong lip thuc hién mdt tinh chi't (giit mot bat bi€n) nao
d6 thé hién bdi dic ta cla né.

Mo hinh bi&n ddi trang thai chuong trinh ctia vong lip while B do S

{ P+ —> Py L > { Prtp .
{Qy L= = = =

{ P} 1a trang thai truSc vong lap .
{ P;} 1a trang thdi sau 1an lip th i.
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{ Q} 1a trang thai sau vong ldp .

Viéc nhin thic (im ra ) c4c tinh cha't bt bi€n cla trang thai chuong trinh trudc va
sau mdi 1an 13p c6 vai trd quyét dinh § day.

Vidu: véivonglip:

tg:=0;
1:=0;
while (i<=n) do begin
1:=1+1;
tg :=tg +ali] ;
end ;

Tinh chit bit bi€n & day 1a : bAt chdp i, sau lan lip thi i, tg s& chia tdng i phan
tlr dau tién cla array a(a[1], a[2], ..., a[i]).
i
Ticla:  tg = SG:l<=j<=i:afj) = ) a[j]
1

2. LY luAn quy nap va chitng minh biing quy nap.

Trong khoa hoc ciing nhu trong d5i song hang ngay, ngudi ta thudng cAn phdi suy
dién tir cdc phat hién riéng 18 d€ di d&€n cac quy luat (bat bi€n) phd dung cho moi( hay
hau hét) trudng hgp c6 thé.

Qu4 trinh ma con ngudi xdc 1ap dudc mot tinh chAt bat bi€n tir mot tAp hdp céc
quan sit dudc goi la suy dién quy nap.

Suy dién quy nap xudt phdt tif quan sit va két qud 1a cho ra cdc gid thuyét cin
chirng minh.
Vidu I : tr cic quan sét :

1=1=1°

143 =4=2°

1+3+5=9=3

1+43+5+7=16=4"

Biing quy nap ngudi ta dit gia thuyét : 1+3+..2*%-1) = n

Ta c6 thé thit lai gid thuy&t nay v6i n = 5, 6.... Tuy nhién, d€ khing dinh riing gid
thuy€&t ding v6i moi n, ta cAn c6 chitng minh. Phuong phdp chitng minh thudng diing
trong trudng hdp nay 1a chitng minh biing quy nap.

a) Nguyén Iy quy nap todn hoc don gian .

Pé€ chitng minh mot tan tir P(n) phu thudc vio s& ty nhién 13 ding véi moin .

Ta can chifng minh 2 diéu sau :

(i) P(0)la ding
(ii) Néu P(n) dudc gid dinh 13 diing thi s& suy ra P(n+1) ciing ding.

Khing dinh P(0) dudc goi 1a cd s (basis) vda budc ching minh (i) 12 budc quy
nap (inductive step). Khi c6 dugc 2 diéu (i) va (ii), dwa vao nguyén Iy quy nap todn
hoc, ta k€t luan ring P(n) ding véi moi s6 tu nhién n .

Trén thyc t€ nguyén 1y trén thudng dugc 4p dung hdi khic.
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+ P& chiing minh P(n) diing v&i moi s6 ty nhién n >=m thi cd s§ clia chitng
minh quy nap 1a P(m) chd& khong phai P(0).
+ P& chitng minh P(n) ding v6i moi s6 ty nhién n thod m<= n <=p ta chiing
minh :
(i) P(m) ding
(ii)) Néu m <= n < p va P(n) ding thi P(n+1) ding.
Vidu: (i) Cds:P(1)chinhla 1=17 ding
(i) Gia s P(n) ding, tic1a 1+3+...(2*m-1) = n’
thi ta s€ c6 :
I+3+...+(2¥%mn+1)-1)=(143+....4(2*n -1)) + 2*(n+1)-1)
=n’ +2%@n+1) -1
= (n+1)’
Vay P(n+1) ding .Dwa vao (i) va (ii), ta k&t ludn P(n) ding v6i moi sO tw nhién
n >=1 theo nguyén ly quy nap todn hoc.
b) Nguyén ly quy nap manh (Strong induction principle)
DPé chitng minh P(n) ddng vdi moi sd tu nhién n ta cAn chitng minh hai diéu sau :
(i) P(0) ddng
(ii) Né&u gid dinh1a P(0), P(1), .... P(n) déu ding thi P(n+1) cling dung
Ciing nhu nguyén 1y quy nap don gidn, ngudi ta c6 thé dung cdc bién dang cda
nguyén 1y quy nap manh dé€ chitng minh P(n) ding véi moi s6 ty nhién n >= m
cho trudc hay véi moi s& tw nhién n mad m < n <= p vdi m,p cho trudc.

3. Kiém chitng chuong trinh ¢6 vong Lip while.

a) Dang tong qudt ciia bai todn .
Cho W Ia mot I€nh 1ap while B do S va cdp dkd P, dkc Q.
Ta cAn phdi chi'ng minh ring : dictd { P} W { Q } dugc thda day dd .
P& chitng minh W thod ddy dd dic td P,Q ta can chi ra 2 diéu :

(i) P bdo ddm W dirng,tirc 12 xud't phdt tlr trang th4i bat ky thod P,thi hanh W thi W
s€ dung sau mot thdi gian hitu han ( sau khi thyc hi€én huu han lan 1énh S § than vong
lap W thi B sé c6 gia tri false ).

(i) {P} W {Q} - Ptng c6 diéu kién ( xud't phat tl trang th4i thda P sau khi thi hinh
W né€u W dirng thi sé dat t6i trang thdi thda Q ).

Pé chitng minh (ii) ta c6 thé diing hé ludt Hoare ma chd yé&u la phai phdt hién
dudc bat bién L.

Pé chitng minh (i) W dirng ta cAn dya trén cdc bién bi thay d6i trong vong lip
thudng dwa vao mot ham f clia cdc bi€n chuong trinh nhan gia tri nguyén va chi ra
rang :

(o) O dAumdilanlip ( B thod ) thi £>0.
Tuc la : I and B ==> >0
(B) Mbdi lan thyc hién S s& 1am gidm thuc sy gid tri cta f.
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Néu (o) va (B) thod thi S khong thé lip vo tin dugc (vi sau huu han 1an thi B sé
nhén gia tri false ).

Vidu : Chi ra cdc vong lap sau diy ding :

{n>=0}
k :=n;
while (k <>0)do begin {k> 0}
k = k-1;
r := 2*r+ p[k];

if(r>=q) thenr:=r-q
end ;

vi bat bi€n {k > 0} ludn dudc git ding 8 diu vong lip. O day ham f chinh Ia
bing k. f gidm sau mdi 1an lip (vi k:=k-1). Viy vong lip dirng .
{(x>=0;y>=0}

a = Xx;
b:=y;
while (a <>b) do
{max(a,b) >0}
if (a>b) then a :

a-b
else b:=Db-a

O day ham f=max(a,b). Ta ludn c6 bat bi€n max(a,b) >0 & ddu vong lip, f gidm sau
mdi 1an 1ip.

b) Cdc vi du vé chitng minh chuong trinh cé vong ldp .

Vidu 1: Xét dic td doan chuong trinh tinh tich 2 s6 nguyén A va B véi B >= 0
bing phép cong :
{B>= 0}
R:=0;
X:=B;
while (X <>0) do begin
R:=R+A;
X:=X-1;
end ;
{R = A*B }
dkd P = B>=0
dkc Q = R=A*B

Bu6c 1: Kiém chitng tinh diing c6 diéu kién ctia dictd {P} S {Q}
+ Kiém chitng doan 1énh trudc vong lip : Chiing minh dic ta sau ding .

{B>= 0}
R:=0; (*)
X:=B;

{X=B,R=0, B>= 0}
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Tacod:
{0=0,B>=0} R:=0 {R=0,B>=0} (1) tiéndé gin
{0=0,B>=0} = {B>=0} (2) hién nhién
{(B>=0} R:=0 {R=0,B>=0} (3) luathé qua dva vao (1),(2)
{(B=B,R=0,B>=0} X =B {X =B,R=0,B>=0} (4)tiéndé gin
{(B=B ,R=0 ,B>=0} = {R=0,B>=0} (5) hién nhién
{(R=0,B>=0} X:=B {X:=B,R=0,B>=0} (6) Luat hé qua dva vao
4),(5)

{(B>=0} X:=0;X:=B {X=B,R=0,B>=0} (7)luattuin ty dua vao (3),(6).
Nhu vay véi diéu kién dau B >=0 thisau khi thuc hién xong 2 1énh khéi dong, ta ¢
khing dinh X =B, R =0, B >=0 dic t3 (*) ding .

+ Kiém chung vong lip :
- Phat hién dugc bat bién clia vong lip.
Bat bi€n & ddy 1a : “ s6 1an X bi gidm di chinh 13 s6 1an A dugc cong vaoR *
Tacla : I = (R=A*B-X))and (X>=0)
Khing dinh (X >=0) dudc thém vao dé chitng minh vong 1ip dirng.
- Chitng minh I 12 b4t bi€n cla vong lip :
{(R+A = A*B-A*X+A)and (X >0)}
R :=R+A
{R =A*B-A*X+A)and (X>0)} (8)tién dé gin
{(R=A*B-X)) and (X>0)}
R:=R+A
{(R=A*B-A*X+A)and (X>0)} (9)bi€n ddi tir (8)
{(R=A*B-A*X+A)and (X>0)} =
{(R=A*B-(X-1)))and ((X-1)>=0)}10)
{(R=A*B-(X-1))and (X-1)>=0)}

X=X-1
{(R=A*B-X)) and (X>=0) } (11) tién dé gan
{(R=A*B-A*X+ A)and (X >0)}
X =X-1

{(R =A*(B-X))and (X>=0)} (12) luat hé qua
{R=A*B-X))and (X>0)}
R:=R+A ; X =X-1
{(R=A*(B-X))and (X>=0)} (13) luat tudn tu dua vao (9 ),(12)
{R=A*B-X))and (X>=0)and (X<>0)} ==> {(R=A*B -X))and (X >0)}(14)
{(R=A*B -X))and (X >=0) and (X<>0)}
R :=R+A ; X :=X-1
{R =A*B-X))and (X>=0)} (15)ludthé qua dua vao (13),(14)
Hay {IandC} R :=R+A ;X = X-1 {I}

v6i C 1a diéu kién vong lip X<>0
Do luatldptaco :
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{I} while ... {I and not C}
(X=B) and (R=0) and (B>=0) ==> (R=A*(B-X)) and (X>=0) (16)
K&t hgp 15,16 va 5 dung ludt hé qua rdi ludt tudn ty, ta c6 :
{X=B and R=0 and B>=0} while ... {I and notC} (17)
{B>=0} R:=0; X:=B ; while ... {I and notC} (18)
G day I and notC = (R=A*B-X))and (X>=0)and (X =0)
ma (R = A*(B-X)) and ( X >= 0) and (X=0) ==> R=A*B
Dung ludt hé qua ta c6 dpcm
Budc 2 : Chitng minh tinh dung :
batf=X,taco:
(i) TandC =(R=A*B-X))and (X>=0)and (X<>0)=>X>0=>1f>0
(i) Mbilan lip, f bi gidm mdt don vi. Vay vong lip phai dirng.
Tur (i) va (ii) ta k€t luan dudc tinh dirng tir buéc 1 va budc 2 suy ra tinh ding day da
clia doan chuong trinh ddi véi P,Q.
Nhan xét tir chitng minh trén :
+P3i véi diy cdc 1énh gdn, nén phat xuit qué trinh suy dién tir diéu kién cudi.
+ D3&i v6i vong 1dp cin x4c dinh ding bt bién clia né.
Chi y : Ta c6 thé ki€m chitng tdcdk clia doan chudng trinh trén bing cich:
- Xay dung mdt lude dd chitng minh hop 1y biing cdch dua vao cdc tién dé va
cac khiang dinh di c6 trudc d6 chén bs sung cdc khing dinh trung gian & nhitng di€m
khdc nhau trong doan chuong trinh .

{P}={B>=0} 0)
{(0 = A*(B-B))and (B >=0)} 3)
R :=0;
{(R=A*(B-B))and (B>=0)} 2)
X = B;

{I }= {(R=A*B-B))and (X>=0)} (la)
while (X <>0) do begin
{TandC } = {(R=A*B - X)) and (X >=0) and (X<>0)} (1b)
{(R+A=A*B-X-1))and ((X-1)>=0)} (5)

R = R+A;
{(R=A*B-(X-1)and ((X -1)>=0)} (4
X = X-1;
{I} ={R =A*B -X))and (X >= 0)} (1d)

end
{I and notC } = {(R=A*B -X))and (X >=0)and not(X <>0)} (lc)
{Q} ={R=A*B} (6)
Ly 1& d€ b6 sung la :
(la) do phdt hién dugc bat bién 1
(1b),(1c),(1d) dua vao tién dé vé 1&énh lip xudt phat tir 1
2,3 dua vao tién dé€ gan xudt phat tir (1a)
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4,5 dua vao tién dé gan xuat phat tir (1d)

Cic cip khing dinh di lién nhau 14 cdc diéu kién can ki€m ching :

0) ==>(3) : (B>=0)=>(0=A*B-B)and(B >=0))

(Ib) ==> (5) : ((R=A*B-X))and (X >=0) and (X<>0)) ==>

(R+A=A*B-X—-1)and((X-1)

>=0))

(Ic) ==>(6): ((R=A*B-X))and (X >=0) and (X =0)) ==> (R=A*B)

Dé& dang chiing minh céc diéu trén.
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) CHUONG VI )
KIEM CHUNG TiNH PUNG PAY PU

I. CAC KHAI NIEM.

1. Dit van dé.

Ta thudng giip bai todn sau : VGi tAn tf Q trén cdc bi€n chuong trinh mo t3 trang
th4i cudi cin thda sau khi thuc hién 1énh S, tim tip diéu kién dau thda dic td . Tic 1a
véitin tir Q va doanlénh S cho trudc tim tin tir P thda day di dictd : {P} S {Q}.

Dé thay riing bai téan sé c¢é nhiéu 15i gidi. Xuat phat tif mdt cip gom tin tir Q va
doanlénh S, c6 nhiéu tin tir P thda .

Vidu:
Vi Q =(x>0); S= x =x-1;
Cictantlr P sau ddy déu thda :
x>1,x>=)5),(x >)),..,false

Mbi tin tr P xdc dinh mot tAp hop cdc trang thdi. Trén tAp hdp céc trang thai
ing ¢t ndy di nhién ta sé mong mudn chon tip hgp 16n nhat c6 thé. Tic 1a ta quan
tAm dé€n tAn tr P12 han ch€ y&u nhat trén khong gian trang thdi . D& dang thiy
ring ¥ nghia cia quan hé y€u & day la :

P yé€uhon Q ticla (Q ==> P)
hoic {Q} < {P}

2. Dinh nghia WP(S.Q).

N&u Q 12 mot tin tif trén cdc bi€n chuong trinh va S 13 mot doan I1énh thi diéu kién
diu y&u nhit cda S dua trén Q (the weakest precondition of S with respect to Q ) 1a
mot tAn tif trén cdc bién chudng trinh md ta tip hop moi trang thdi ban diu sao cho
viéc thi hanh S bit ddu & mot trang thdi théa né déu dudc bido ddm 13 sé& dirng trong
mdt trang thdi thod tan tir cudi Q ( thudc tip {Q} ),va dudc ky hiéu 1a WP(S ,Q)

Khdi niém WP 13 cd s& cho viéc md td mot hé thdng quy tic ki€m ching tinh ding
diy dd doan chuong trinh cta Dijkstra . Ta s& tim hi€u noi dung clia hé thdng nay
trong mdi tuong quan véi hé luat ciia Hoare.

Viéc k&t hgp cdc quy tic cia 2 hé thdng niy sé cho ta mot phuong tién hop 1y dé
chitng minh tinh ding day dd cia doan chuong trinh.

3. Hé qua cua dinh nghia.
+ DPictdi {WPS,Q) ) S { Q) thda cé diéu kién (dedk)
+ WP(S,Q) bdo ddm tinh ditng ctia S .Tdc 1a S hoat dong ding thuc sy véi dkd
WP(S,Q) va dkc Q.
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+ WP(S ,Q) 1a tan tir y€u nhat thda day di dictd {P} S {Q} . Tic la néu cé
tan tf P* bdo ddm S dirng va dictd {P*} S {Q} ding c6 diéu kién thi P* ==>
WP(S,Q) hay {P*} < { WP(S,Q) } ( {WP(S,Q) } 1a tip diéu kién didu 16n nhat
ma xuAt phat tir d6 thi hanh S thi sé dirng tai trang thdi théa Q ).

Pay 1a cdc diu hiéu dic trung d€ nhan ra WP(S,Q)

4. Cac vi du.

Vidu 1: Tinh WP(while n<>0 do n:=n—1,n=0) va so sdnh v4i tin tf y€u
nhat thda c6 diéu kién 1énh ldp while n<>0do n:=n-1 véi diéu kién cudi n=0
+ Dua vao quy ludt ctia Hoare thi ta ¢6 :
{true} while n<>0 don:=n-1{n=0}
Thuc vay :
Tu : {true and (n<>0) } n:=n-1 {true}
( xem bat bién vong lip1a : I = true )
ta suy ra: {true} while (n<>0) do n:=n-1 {true and n=0}
+ Tu dinh nghia WP ta suy ra :
wp (while (n<>0) do n :==n-1,n=0)= (n >=0)
Ta c6 :
wp (while (n<>0) do n:=n-1,n=0)===>true
Tirc 12 : tAn tif y&u nhi't thda diy di dictd {P} S {Q} manh hon tin tir y&u nhit
thda c6 diéu kién dic ta (tic 1a tap diéu kién ddu 16n nhat thda day di 1a tap con cla
tap diéu kién dau thda c6 diéu kién )

Vidu?2:
S =1=0;Q =(1=0);
Tim wp (S,Q) .

Vi : + P==>true v6i moi P nén ta cling c6 wp(S,Q) ==>true (a)
+ true bdo ddm S dirng va moi trang thdi dau déu din d&€n Q nén
true ==> wp(S,Q) (b)
Tu (a),(b)ytasuyra: wp(i:=0,1=0) = true
Vidu 3:
S=i=0;Q =(i=1);
Tinh wp (S,Q) .
Pay la trudng hgp ngugc véi vi du 2. BAt chdp trang thdi trudc 1&énh gdn 1a gi,

lénh gdn i:=0 khong thé nao bdo ddm i=1.
Vivay: wp(i:=0,1=1) = false

false mo td tap hop trang thdi rdng. Titc 12 tAp dicu kién diu thda S,Q 1 tip rdng .

IL. TINH CHAT CUA WP.

Quan hé giita WP ddi v6i cdc todn tlr logic ciu tao nén tAn tir Q nhu th€ nao?
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1. Cac quy udc :

a) Ludt loai trtr trudng hgp ky di (The law of the excluded miracle ).

WP(S,false) = false

b) WP(S,true) la tin tir xdc dinh tip cdc trang thdi bdo ddm tinh dirng ctia S
Vidu: WP(while (n<>0)do n:=n-1,true) = (n >=0)

2. Tinh phan phdi clia and : wp(S,Q) and wp(S,R) = wp(S,Q and R)

3. Tinh phan phéicliaor : wp(S,QorR) = wp(S,Q) and wp(S,R)

4.  N&u Q==>R thi wp(S,R) ==> wp(S,R)

IIL. CAC PHEP BIEN POI TAN TU.

1. Todn t& gin (tién dé gin).

WP(x := bt, Q(x)) = Q(bt)

Vidu:
WPG :=i-1,i=0)
WP( := (14+u) div 2,

(i-1=0)=(i=1).
l <= i<=u) = l<= ((+u) div 2) <= u

WPGi:=1,i=1) = 1=1 = true
2. Todn i tuin tu.
WP(S1:S2,Q) = WP(S1, WP(S2,Q))

Vidu:

WPX :=x+1;y:=y+l ,x=y) = WPKX:=x+1; WP(y :=y+l,x=Yy))

WP(x:=x+1, x=y+1)
= x+l=y+l = (x=Yy)
Quy ludtndy ham y ring t6 hdp tudn ty cédc 1énh c6 tinh k&t hop (associativity)
tic 1a (S1; S2); S3 thi cling cung y nghia véi S1; (S2;S3).
BGivivéi Q tuyy wp((S1;S2);S3,Q) = wp(S1;S2, wp(S3,Q))

= wp(S1, wp(S2, wp(S3,Q))) = wp(S1, wp(S2;S3,Q))
= wp((S1;(52;53)) ,Q)
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Vidu:
Chitng minh tinh diing day di dic ta sau :
[ S=i*(i+1)/2 }
1= 1+1;
S = S+i;
[S=i*(i+1)/2 )
Taco:
wp(@ =141 ; S := S+1, S=1*(1+1)/2)
= wp(i :=i+1, wp(S := SH, S=i*(i+1)/2))
wp( :=1+1, S+ =1*(1+1)/2)
= S +i+1 = (0+D)*@+1)+1)2
= S =1*1+1)/2)
Theo dinh nghia ctia wp ta c6 :
{ wp( :=1+1; S :=S+1, S=1*(+1)/2) }
1 := i+l1;
S := S+i;
[S=i*Gi+1)/2 )
ding day di . Suy ra DPPCM.

3. Toan ti diéu kién.

a)

WPGE B then S; else S5, Q) = (B ==> WP(S;, Q) and (not B ==> WP(S,, Q) )

Vidul:
Tinh WP(@f (i=0) then j:=0 else j:=1,j=1)
Ta co : WP(G:=0,j=1) = (1=0) = false
WPG:=1,j=1)= (I1=1) = true
Nén : WPG@f (1=0) then j:=0 else j:=1,j=1)
= ((1=0)==>false) and ((i<>0) ==> true)
= (not(i=0) or false) and true = (i<>0)
Vidu 2:
Tinh  WPGf (i>) ) then j:=j+1 else i:=i+1,i>=]))
Taco : WPG:=j+l,i>=)) = 1>= j+1 = 1 >]
WPG:=i+l,i>=)) = i+l >=j = 1 >=j-1
Nén WP@f (i>)) then j:=j+1 else i:=i+l,1i>=])

= ((i>))==>(>)) and ((i<=))==>(@1>=]-1))
= true and (not(i<=j)or (i>=j-1))
i>jpor(i>=j-1)=(i>j)
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b) Dinh Iy sau day chitng minh sy ding din cda todn ti di€u kién n€u chap
nhan hé tién dé cia Hoare va tinh dirng.
Pinh 1y :
Goi P = (B==>WP(5,,Q)) and (not B ==> WP(S;,, Q) )
Thitacé: + {P} ifB thenS; else S; {Q} dcdk (1)
va + V§i gid dinh S; va S, dirng n€u {R} if B then S; else S, {Q}
thi R==> P (Pla tin tif yéu nhit thda day dd dictd ) (2)
(Tacla: WPGAfBthenS; else S,,Q) = P
= ( B==> WP(S,,Q)) and (not B ==> WP(S,
Q) ) Ching minh :
Theo dinh nghia ctia WP, néu R ==> WP(S,Q) thi {R} S {Q} thda cdk
Matacé P and B = B and WP(S;,Q)) ==>WP(S5,.,Q)
Vivay: {PandB} S; {Q} thda cdk
Tuong tu {P and (notB)} S, {Q} thda cdk
Do d6, theo ludt vé 1&énh chon ctia Hoare, ta c6 : {P} if B then S; else S, {Q}
(D
Gid st Sy va S, luon ludn ding va {R} if B then S; else S, {Q}
Thi : {Rand B} S; {Q}
{Rand (not B)} S, {Q}
va : if B then S; else S; 1ludn luén dirng.
Vi viy theo dinh nghia cia WP tac6: R and B==>WP(S;,Q)
va R and (notB) ==> WP(S,,Q)
Hai khing dinh trén tuong duong vdi : R=> B =>WP(5:,Q))
va R ==> (not B ==> WP(S,,Q))
Vivady R==> (B ==>WP(5,,Q)) and (not B==>WP(S,,Q))) (2)
Tu(l)va(2)tasuyra: P = WPGfB then S; else S,,Q).

¢) Ta ciing c6 khing dinh ngugc lai : Né&u chip nhan tién dé :
WP(if B then S1 else S2,Q) = (B ==>WP(S1, Q) and (not B ==> WP(52,Q))
thi ¢6 thé chitng minh luat vé& 1énh chon ctia Hoare la ding :
Pinh 1y : Gid st S1, S2 dung.

Néu {Pand B} S1 {Q}

va {PandnotB1} S2 {Q}

thi {P} if B then S1 else S2 {Q} ding

Chirng minh : (Bai tdp)

4. Todn tif lap.
a) Xay dung WP(while Bdo S ,Q) .
Xétvong lap W = while Bdo S, véi dkec Q.
Xay dung tan tir : WP(while B do S, Q)
N6 phdi bdo ddm W dirng sau mot s6 hitu han 1an ldp lai S va tdi trang thdi thda Q .
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Goi k 12 s6 1an ldp (sd 1an thyc hién 1énh S & thin vong lip). Ta xdy dung quy nap
theok :

Bu6c 0: (k=0)tan tif y€u nhat mo td tAp 16n nhi't cdc trang thdi bdo ddm S lip
ding 0 1an v t6i trang thdi thda Q 1a : P, = (motB)and Q

Budc 1 : (k=1) tAn tt y€u nhit md ta tAp 16n nhat céc trang thdi bdo ddm S lip
ding mot 1an va téi trang thdi thda Q 1a : P, = B and WP(S,P,)
( titc 12 sau khi thyc hién mot1an S thi trang thdi chuong trinh sé& thod P, ).

Budc 2 : (k=2) tAn tir yéu nhit md tA tAp 16n nhat cdc trang thdi bdo ddm S Lip
diing 2 1an va t6i trang thdi thda Q12 : P, = B and WP(S,P;)
( tic 12 sau khi thuc hién mot 1an S thi trang thdi chudng trinh s€ thoa P;).

Budc k : Mot cach tdng quat véi k >=1 thi tAn tir y€u nhdt md ta tip 16n nhit cic
trang thdi bdo ddm S lip ding k 14n va tGi trang thdithéa Q 1a: P, = B and
WP(S,Px.1)

Nhu vy mot trang thdi diu lam W ditng & mot trang thdi thod Q khi va chi khi né
thod khing dinhsau: J(k:k>= 0:Py)

Ticla : WP(while B do S,Q) = 3(k:k>= 0:Py)

notBand Q vé6i k=0
Véi Py =
WP(S,Pri) v6i k>0
Vidu:
Cho S 1a doan chuong trinh :
Ji=J%1;k := k+j;n = n+l;
va W la while (n<>m) do S
Qla:(k=(@{"+1 -1)/G-1)andj=i"
(doan chuong trinh nhim tinh k=1 +1i" +i* + ... +i"™)
Gia st ring (i<>0)va(i<>1),xdc dinh WP(W,Q) .
Diy cic khiang dinh P, dudc xdc dinh :
P, = not(n<>m) and Q
P, = (n<>m) and wp(S,Pr.;) v6i r=1,273,...
Thuc hién tinh todn ta c6 :
P, = (m=m)and (k=@G""-1D/(i-1))and (=i")
P, = (n<>m)and (n+1 =m) and ((k +j*1) = ("+1 - 1)/G-1))and ( *i=
i)
= (n=m-1)and (k=(@{" - 1)/(i-1)) and (j = i)
Tuong tu :
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P, = (n=m-2)and (k=(@{"" - )/(-1)) and (j =i™?)

Ta c6 thé chitng minh biing quy nap gia thuyét sau (vi moi s6 tu nhién r)
P, = (n=m-r)and (k=" - 1)/(i-1)) and (j =i™" )
P, = (n=m-n)and (k= (""" - 1)/(i-1)) and (j =1i")

Vay :

WP(W,Q) = J(r:r >= 0:(n=m-r)and (k=(@G""-1)/(i-1)) and G =i")
= (n<= m)and (k=(@{"+1 - 1)/i-1)) and (j =i")

b) M&i lién hé gifta todn ti¥ lip va tién dé 1&énh 1ip clia hé luat Hoare .
Ta tdch viéc khdo sdt tinh diing mot vong 1ip thanh hai phan :
+ Phin quan sit sy bi€n d6i ctia vong lip dé din tdi khing dinh né dirng (tinh dirng ).
+ Phin quan sat sy bit bi€n clia vong lip d€ chitng minh k&t qua cudi ciing clia né
(dcdk)
Véi y tudng d6 ta taich WP(W,Q) ( v6i W 13 while do S) thanh c4c thanh phin tuong
ting va khdo sat mdi quan hé giita WP(W,Q) va ciac khing dinh cia hé luat Hoare.
o) Véilénh batky S, di¢u kién y&u nhat d€ ddm bdo S dirng 12 khong rang
budc gi sau khi dirng. Tic 12 WP(S,true) 12 tdn tf md ta tAp hgp t4t cd cdc trang thai
ma xuAt phat tir d6 thi bio ddm S dirng.
Ta c6 : WP(W. true) = d(kk:k>=0:Pk)
Véi P, = (notB)andtrue = (notB)
Py = B and WP(S,P.;) v6i k>0
( P, 1a diéu kién dé khong thuc hién S lan ndo, P; la diéu kién d€ thuc hién S
ding mot 1an , P 13 diéu kién d€ thuc hién S ding k 1an.
Vidu:
W

while (n <>m) do begin
j=J%1;k:=k#+;n:=n+l;
end ;
Ta tinh diéu kién ddu &€ W dirng nhu sau :
P, = not(n<>m)= (n=m)
P, = B and WPS,Py) = (n<>m)and(n+l=m) = (n+l=m)
Gia thi€t quy napring Py = (n+k = m).
Taco:
Gia thi€t ding véik=0 vi P, = (n=m)= (n+0=m)
Gia sit gia thi€t da ding véik . Tiwcla : Py = ((n+k)=m)
Ching minh gia thi€t ding v6i k+1. Thyc vay:
Pw.i = Band WP(S,Py) = (n<>m) and ((n+1)+k =m) = ( n+(k+1) =m)
(WPS,Pk) =WP(:=j*i;k:=k+j;n:=n+l ,((n+k)=m)) =(n+ (k+1))
=m)
Viy : Pi = (n+i=m)
Tacla: WP(W,true) = 3(:i>=0;n+i=m) = (n>=m)
B)Quanhé gitta { P} S {Q } va WP(S,Q)
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Theo dinh nghia vé tinh ding va WP (S, Q) tacé : S ding c6 diéu kién dya trén
diéu kién ddu P va diéu kién cudi Q (dictd {P} S {Q} dcdk) néu va chi néu hdi
(and ) clia P va diéu kién y&u nhat bdo ddm sy dirng cia S manh hon diéu kién y&u
nhit bdo ddm S dirng trong mot trang thdi thod tin tr Q.

Tacla : {P} S {Q} thda cdk khi va chi khi P and WP(S,true) ==> WP(S,Q)

Nhu vay :

{I and B} S {1} thda cé dk khi va chi khi I and B and WP(S,true) ==>
WP(S,I)

{1} while B do S {I and not B} thda 6 dk khi va chi khi
{I} and WP(while B do S, true) ==> WP(W, I and not B)

Nhu vy chitng minh S giit bAt bi€n 1 chinh la chitng minh

I and B and wp(W,true) ==> wp(S, I)
Chitng minh W dirng tng v6i dkd P chinh 1a chiing minh : P ==> WP(W,true)

v ) Pinh 1y bit bi€n co s& (Fundamental invariance theorem) ctia Dijkstra
phét bi€u mot dang khac clia luat vé vong lip cia Hoare .
Pinh Iy: Gi4d s¢ Iand B and WP(S,true) ==> WP(S,I) (11a b4t b4t bi€n clia vong
lip)
thi : I and WP(W,true) ==> WP(while B do S ,Iand notB)
({1} while Bdo S {Iand not B} )
Chidng minh : Ta s& chifng minh bing quy nap trén k ring
I and Py (true) ==> P (IandnotB) (a)
vGi : Po(Q) = notB and Q
P(Q) B and wp(S, Pr.1(Q))
Chi y 1a P(Q) 1a dkd y&u nhat bio ddm vong lip while B do S dirng sau ding k
1an lip trong mot trang thai thod min Q.
(i) Cosd I and P,(true) = 1 and (notB andtrue) (dinh nghia)
= notB and (I and not B)
= P, and not B)
(ii) Budc quy nap : Gié st (a) da ddng v6ik . Tac la :
I and Py(true) ==> Pi(I and not B)
Ta chirng minh (a) ding v6i k+1 .
Thuc vay: 1 and Py (true) = 1 and B and WP(S,Pi(true)) (dinh nghia)
B and I and B and WP(S,Pi(true))
= B and I and B and WP(S,true) and

WP(S,Py(true))

( i WP(S,Pi(true)) = WP(S,true) and
WP(S,P(true)) )

B and (I and B and WP(S,true) ) and
WP(S,P(true))
==>B and WP(S,I) and WP(S,Pi(true))
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( I and B and WP(S,true) ==> WP(S,I) gia thi€tI1a batbi€n)
= B and WP(S,I and Py(true)) (phép phin phdi _and)
==>B and WP(S,Pc(I and not B))
(vi:Iand P(true) ==> Py(I and not B gid thi€t quy nap va tinh chat phép phan phdi

= P(Iand not B)
Tacla: I and Py(true) ==> Py (I and not B)
Theo nguyén ly quy nap ta suy ra :
I and Px(true) ==> Pyx(I and notB) v&imoi k >=0
Tir diéu nay ta c6 :
I and WP(W, true) = Iand (k: k>=0: Pg(true))
= (k:k>=0:1 and Px(true))
==>(k:k>=0:P(I and not B)) = WP(W.I and not B)
Ta c6 dpcm.

IV. LUGC PO KIEM CHUNG HOP LY VA CAC PIEU KIEN CAN
KIEM CHUNG.

1. Lugc db ki€ém chiing.
DPé€ chitng minh tinh ding cla dic td doan chuong trinh ngudi ta thudng :
- Thi€t 1ap cdc khing dinh vé trang thdi chuong trinh § cdc di€m trung gian
can thiét.
- Chting minh tinh ding ctia cic khing dinh d6.

Nhitng khing dinh vé trang thdi chuong trinh & nhitng diém trung gian khong chi
nhim phuc vu viéc ki€m chitng ma con c6 muc tiéu 13 gidp ngudi st dung chuong trinh
hi€u dugc ngit nghia clia doan chuong trinh . Ttc 1a gép phdn xay dung mot chuong
trinh ¢6 dang thitc tt ( d& doc, d& hi€u ). Nghé thuit cia viéc chitng minh tinh ding
clia chuong trinh va xay dung suu liéu cho chuong trinh ( § ddy 1a dua ra nhirng ghi
chi vio chuong trinh) 13 & chd 1am sao chén vao cdc khing dinh trung gian vira da :
qud nhiéu s& 1am khé doc, mAt nhiéu thdi gian ki€m tra, con qud it thi khong di dic ta
ngi nghia .

Trong phan nay ta thdo luin y tudng chiing minh tinh diing clia doan chuong trinh
trong dang lugc dd ki€m chitng tinh diing (Proof tableaux).

Cédc khdi ni€ém.

- Lugc dd kiém ching tinh ding (Idkc) ciia mot doan chuong trinh 13 mot day
dan xen giita cdc khiang dinh (assertion) va lIénh (statement) ciia doan chuong trinh,
vdi bit diu va k&t thic bdicdc khing dinh.
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- Mot luge @b ki€m chitng 1a ding (valid) n€u khi ta bd di cic khing dinh trung
gian thi n6 trd thinh mot dic ta ding. Tir nhitng kién thifc di trinh bay & cdc phin trén
ta suy ra: Mot lugc dd ki€m chung 13 ding khi va chi khi :

+ Moi bod dic td dang {P} S {Q} xudthién trong ldkc déu Ia nhitng
dictd ding.

+ Moi cap khezlng dinh diéng lién nhau dang {H} {T} trong ldkc thi
déu théa quanhé P==>Q ding.

Tir dinh nghia trén ta thdy : mot Idkc c6 thé bi€n dang theo nhiéu mic chi tiét. Tir
mdt bo ba dic td gdbm : doan1énh S, tin tif mo td diéu kién ddu P, tin tir mo t3 diéu
kién cudi Q (dictid {P} S {Q})tacé thé x4y dung nhiéu dang ldkc khic nhau biing
cdc cach chén khac nhau cdc khiang dinh trung gian .

Dang thd nhit clia Idkc chinh 1a dic td tinh ding cla doan chuong trinh né chi
chita 2 khing dinh : mot & dau doan chudng trinh vi mot & cudi doan chudng trinh .

Dang min nhit cda ldkc 12 1dkc ma moi Iénh déu bi kém giita hai kheztng dinh (
dic td ngit nghia tdi titng cu 1énh ) né 13 luge @6 ki€m chitng & mic chi ti€t nhat
(luge d6 kiém chitng chi ti€t - Idkcct).

Trung gian gitta hai dang ldkc trén ngudi ta thudng st dung ldkc chi c¢6 cdc
khing dinh trung gian & nhitng chd can thi€t ( nhitng chd quan trong , nhitng chd
ngoit trong ndi dung ngit nghia cia doan chuong trinh ).

2. Kiém chitng tinh ding.

a) Y tuéng
P& ki€m chiing tinh ding dic t3 cia doan chuong trinh S . Titc 1a khing dinh dic ta
{P} S {Q} diing . Ta cin thyc hién cdc viéc sau:
+ Xay dung ldkc hdp ly xui't phat tir dic td clia doan chuong trinh .
+ Chitng minh tinh diing cta ldkc vira xay dung .

Trong 2 cong viéc trén thi viéc xAy dung ldkc hop 1y 12 viéc ton nhiéu thdi gian va
cong sitc . Viéc xay dung lugc d6 chung minh hop 1y sé khdc nhau phu thudc vao ciu
triic cia doan 1énh S song thudng dudc ti€n hanh theo 2 budc sau :

Budc 1 : Tir dic td xay dung lude dd trung gian (chi ti€t hay gin chi tiét ) dwa vao
céc tién dé (ctia hé Hoare hoidc clia hé Dijkstra ) mo t3 ngit nghia cia tirng 1énh bing
cdch chén vao cic khing dinh trung gian .

Bu6c 2 : T dung lude d6 trung gian (chi tiét hay gan chi ti€t ) dya vao cdc tién dé
(ctia hé Hoare hoic clia hé Dijkstra ) mo ta ngit nghia clia titng 1énh bd bét cic khing
dinh trung gian tim thudng ( cic khing dinh & nhitng vi tri khdng quan trong , cic
khing dinh ma tinh ding clia chiing 13 o rang va dang thic cda ching don gidn dé
dang khoi phuc lai khi cin ) . Gitf lai khdng dinh trung gian nao trong ldkc hgp 1y 1a
mot trong nhitng nghé thuit clia ngudi ki€m chiing né phan dnh ré nét mic trf tué (kha
ning tu duy, ki€n thifc tich liiy ) ctia ngudi kiém chitng .
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Viéc chitng minh tinh ding ddy di cla ldkc phu thudc vao ciu tric doan 1énh S va
hé tién dé ma ta da st dung d€ xay dung ludc dd ki€m chiing hap 1.

- Truong hdp 1 : Né&u doan Iénh S khdng chita mot 1énh 1dp ndo cd thi tinh dirng
dugc xem 14 hién nhién, khi d6 2 hé tién dé 12 hoan toan tuong dudng .

- Trudng hgp 2 : N€u doan 1énh S ¢6 chida 1énh lip thi tinh dirng khong phdi
bao gid ciing dudc thda nén ta can phdi chi ra . Khi d6 2 hé tién dé 1a khong tuong
duong .

+ Né&u trong sudt qua trinh x4y dung lugc d6 kiém ching ta chi sit dung hé tién
dé Dijikstra thi khong phai ki€m chiing lai tinh dirng nita .

+ Néu trong qiia trinh xAy dung lugc d6 ki€m chitng ta c6 st dung (dii chi mot
1an ) tién dé ctia hé Hoare thi phdi kiém chitng lai tinh dirng ( vi tién dé Hoare khong
bdo dam tinh dirng ) .

b) Kiém chiing tinh diing ddc ta {P} S {Q) khi S la mét day lénh tudn tu.

( S= {Si58;...:55})
Ki€m chitng tinh ding dictd : {P } S;;S2;... ;S {Q}

Vidu:
Ki€m chitng dic t3 :
{even(k) and (0 <k ) and (y*zk =x")} (1)

k:=k div 2;
Z:= 7*7 ;
{(0 <= k)and (y *z°) = x")) 2)

Bai giai :
Céach 1 : Xay dung ldkc hgp ly dua vao hé Haore .
- Budc 1 : Xay dung luge @6 kiém ching hop 1y.
+ Xy dung luge d6 kiém chitng chi tiét :
Tu (1) tasuyra:
{even(k) and (O <k ) and (y * z* ) = x")} (2a)
{(0<=k div2 )and (y * (z*2)* div2 = x") } (2d)

k:=k div 2; (2)
{(0<=k)and (y * (z*2)" = x") } (20)
z:=7%z7 ;
{(0<=k)and (y *z* = x") } (2b)

Dién gidi : Tir (2b) va 1énh gdn z:=z*z dung tién dé gin ta suy ra (2c)
Tir (2c) va 1énh gdn k:=k div 2 dung tién dé gdn ta suy ra (2d)
+ Xay dung ldkc hop 1y tir 1dkc chi tiét :
Tu (2)tasuyra:
{even(k) and (0 <k ) and (y * z: ) = x")} (2a)
{(0O<=k div2 )and (y * (z”‘z)k div2 = x") } (2d)
k:=k div 2; 3)
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z:=2%z ;

{(0O<=k)and (y *z* = x") } (2b)

Dién gidi : Tir (2b),(2¢),(2d) va 2 Iénh gin tudnty z:=z*z ; k:=k div 2 dung
tién dé tuan ty ta bod di (2¢) .
- Budc 2 : chirng minh ldkc hgp 1y (3) ding :
{(0O<=k div2 )and (y * (Z*Z)k div2 = x") } (2d)

k:=k div 2; (3a)
z:=2%z ;
{(0<=k)and(y*zk =x")} (2b)

Ta c6 : Tinh diing cda (3a) dugc khing dinh dva vao cdch xay dung .
Ki€m chitng hai khing dinh di lién nhau :
{even(k) and (0 <k)and (y *Z")=x") } {(0 <= k div 2)and (y*(z*z)* *? =
x") }
c6 quan hé hAm y (==>) (hi€n nhién) (3b).
Twr (3a),(3b) ap dung luat hé qua ta suy ra (3) ding .
Nhan xét :
Ta c6 thé hinh thiic héa qua trinh chitng minh bing cdch dua vao ky hiéu :
I(z.k) = (0<=k) and (y*z* = x")
Khi d6 (2) c6 thé viét thanh :
{even(k) and (0<k) and I(z,k)}
{I(z*z,k div 2 )}
k:=k div 2;
{I(z*z,k )}
z:= 7%z ;
{I(z,k)}
(3) c6 thé vi€t thanh :

{even(k) and (0<k) and I(z,k)}
{I(z*z,k div 2 )}
k:=k div 2;
Z:= 7*7;

{I(z.k)}

Diéu kién can kiém ching Ia :
even(k) and (O<k) and I(z,k) = I(z*z,kdiv2)

Chii y : Khi ¢6 mot cip {P} {Q} xudthién trong lugc dd thi khing dinh ham y
(===> ) tuong ¢ng 13 mot diéu kién cin ki€m ching (dkckc - verification
condition). C4c diéu kién nay 13 c6t 16i cla ching minh vé tdcdk, phan con lai cla
chitng minh chi la viéc 4p dung mdy moc cac quy luat.
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Trong vi du trén, dkckc 1a :
even(k) and (0 <k ) and I(z,k)} ==>1(z*z,k div 2)
Pay chi 12 cdch n6i hinh thic cia sy kién1a  (z*z)* div2 = z° khik 1a s6 nguyén
chin.

Céach 2 : X4y dung ldkc hgp ly dua vao hé Dijkstra.
Bué6c 1 : Xay dung ldke hop ly.
-Tinh WP(k := k div2;z:=z*%z ,1(z,k))
Ta c6 : WP(k := k div 2;z:=z7z%z ,1(z,k))
= WP(k:= k div2 ,WP(z:=z%z,1(zk))
= WP(k:= k div 2, I(z*¥z,k)) = I(z *z, kdiv 2))
+ Chen WP(k:= k div2;z:=7z*z ,1(z,k)) vao (1) ta dugc Idcm hgp 1y :
{even(k) and (0<k) and I(z,k)}
{I(z*z,k div 2 )}
k:=k div 2;
z:= 7%z,

{I(z.k)}

Buéc 2 : Kiém ching tinh diing ctia ldke hop 1y .
Taco : {I(z*z,kdiv2)}
k:= k div 2;
z:= 7%z ;
{I(z.k)} (a) dung
even(k) and (0O<k) and I(z,k) = I(z*z,k div?2) (b) ding.
Twr (a) , (b) ta suy ra dic ta ding

¢) Kiém chiing khi doan chuong trinh cé chita cdu lénh diéu kién
{P} if B then S1 else S2 {Q}
Khi d6 ta thém cic khing dinh trung gian dang:
{P} if B then {PandB} S1 {Q}
else {PandnotB} S2 {Q}
(hoidc:
{P} if B then {PandB} S {Q}
else {PandnotB} {Q}
khi khdng c6 phan else )
va0 ndi c6 1énh diéu kién tudng tng ta cé ldkc trung gian thich hop .
Vidu: Kiém chitng doan chuong trinh :
{(0<k)and (y*z"= x"}
if even(k) then begin
k:=k div 2;
7= 7*7 ;
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end
else  begin
k:=%k-1;
y=yz;
end

{(0<= k)and (y*z"= x")}
Céch 1: Dung hé tién dé Hoare.
+ Budc 1 : Xay dung ldke hgp 1y.
Pit I(y,zk) = (0<= k) and (y*z* =x")
Pictid c6 dang: {(0<k)and I(y,z,k)}
if even(k) then begin
k:=k div 2;
z:= 7%z ;
end
else begin
k:=k-1;
y:=y*z
end
9 (.20}
Cheén cdc khang dinh trung gian (dva vao tién dé gan cia Hoare)
{(0<k)andI(y,z,k)}
if even(k) then {even(k)and (0 <k)and I(y,z,k)}
begin
{I(y.,z*z ,kdiv2)}
k:=k div 2;
{1y, z*z,k) }
z:= 7%z ;
end;
{I(y,z.k)}
else
{(not even(k)) and (0 <k ) and I(y,z,k)}
begin
{1(y*z .,z ,k-1) }
k:=k-1;
(Iy*z,z.k)}
y:=y*z
end
{I(y,z.k)}
B4 di cdc khing dinh trung gian tAm thudng (dya vao luit tudn ty clia Haore) ta c6
ldkc hgp 1y : {(0<k)and I(y,z,k)}
if even(k) then {even(k)and (0<k)andI(y,z,k)}
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{ I(y.,z*z,kdiv2)}
begin k:= k div 2;
z:= 7%z ;
end
{I(y,z.k)}
else
{(not even(k)) and (0 <k ) and I(y,z,k)}
{1(y*z,z ,k-1) }

k:=%k-1;
y = y*z ;
{I(y.z.k)}

+ Bu6c 2: Chitng minh luge db ke diing.
Céc cip khing dinh ding lién nhau xuit hién trong lugc dd :
{even(k) and (0 <k ) and I(y,z,k)} { I(y ,z*z ,k div2) } (a)
va {(noteven(k)) and (0 <k ) and I(y,z,k)} { I(y*z,z,k-1) }(b)
Céc ham y tuong (ng can phdi chi'ng minh diing :
{even(k) and (0 < k ) and I(y,zk)} ==> { I(y ,z*z , k div 2 ) } (a*) ( ki€ém

chiing ?)
va {(not even(k)) and (0 < k ) and I(y,z,k)} ==> { I(y*z ,z , k 1) }(b*) ( Kiém
chiing ?)

Tu (a*) va (b*) ta suy ra di€u phai ki€m chitng.

Céch 2: Dung hé tién dé Dijkstra.
- Budc 1 : Xay dung ldkc hgp 1y.
Pit I(y,zk) = (0<= k) and (y*z* =x")
S; = begin k:=kdiv 2; z:=2z*%2 ; end;
S, = begin k:=k-1; y:=y*z ; end;

B = even(k)
Pictd ¢6 dang: {(0<k)and I(y,z,k)}
if B then S; else S,
{I(y,z.k)}

+ Tinh WPGf B then S; else S ,I(y,z,k))

= (B==>WP(S; , l(y,z,k) ) ) and (not B ==> WP(S; , I(y,z,k) ) )

= ( danh cho ngudi doc )
+ Chen kheelng dinh WP(Gif B then S; else S, ,I(y,z,k)) vao dic ta theo

tién dé chon cuia Dijkstra ta dugc ldke hop 1y dang :
{(0<k)andI(y,z,k)}
{ WPGf B then S; else S, ,I(y,z,k))}
if B then S; else S,
{I(y,z.k)}
- Budc 2 : Chiing minh ldkc ding.
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Cip khing dinh ditng lién nhau trong ldkc 1a :
{(O<k)andI(y,zk)} { WPGf B then S; else S, ,Il(y,z,k))}
Ta cin chitng minh tinh ding ctia hAm ¥ twong tng :
{(O<k)and I(y,z,k)} ==> { WPGf B then S; else S, ,I(y,z,k))} (*)
(CM *  danh cho ngudi doc )
Tir (*) suy ra diéu phai ki€m ching.
d) Ki€m chung khi doan chuong trinh c6 chita 1énh 1ip while B do S.
Céch thit 1: Stt dung hé tién dé Dijkstra.
- Budc 1: Xay dung WP(While B do S) va chén vao tru6c 1€nh 1dp .
e { WP(while B do S} while BdoS ......
- Budc 2: Xay dung ldkc hgp 1y tir 1dkc trén.
- Budc 3 : Chitng minh tinh diing ciia cdc diéu kién can ki€m ching.

Céch thit 2 : St dung hé tién dé Hoare.
- Buodc 1 : Phat hién bat bién I ctia vong lip va chén cdc khing dinh trung
gian tuong (’ng vao truc gitta va sau 1énh lip ( tién dé€ Haore) .
{(Invariant) 1}
while B do
{land B} S {I}
{I and notB }
- Budc 2. Xay dung ldkc hgp ly tir Idkc trén.
- Bu6c 3 : Chitng minh tinh diing ctia cdc diéu kién can ki€m ching .
Budc 4 : Chitng minh 1&€nh 1dp dirng .
Vidu : Ki€ém ching dicta :
{0<=n}
y=1;z:=x;k=n;
while (0 <>k ) do
begin
k:i=k-1;y:=y*z
end
{y=x"}
Bi€t bat bi€n clia vong 1dp : I(y,z,k) =(k>=0)and (y*z=x")
Bai gidi theo cach 1:
Dua vao hé Hoare ta xdy dung ldkc chi ti€t xut phdt tir diéu kién dau , diéu kién
cudi va bat bién .
{0 <=n}
{I(L,x,n)}
y=1;
{I(y.x.))
Z:=X,;

{I(y,z,n)}
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k:=n;
{ L(y,z,k)}
while (0 <>k ) do begin
{I(y,z,k) and (k<> 0)}
{I(y*z,z,k-1)}
k:==k-1;
{I(y*z,2,k)}
y = y*z;
{I(y,z,k)}
end
{I(y,z,k) and (k=0 )}
{y=x"}

B4 di cdc khing dinh trung gian tAm thudng ta c6 ldcm hop 1y dang :
{0 <=n}
{I(1,x,n)}
y=1;
Z:=X,;
k:=n;
{1(y,zk)}
while (0 <>k ) do
begin
{I(y,z,k) and (k<> 0)}
{I(y*z,z,k-1)}
k:=k-1;
y = y*z;
{I(y,z.k)}
end
{I(y,z,k)and (k=0)}
N A 2 {y - Xn }
Céc dieu kién can kiém ching 1a :
(0 <=n)==>1(1,x,n)
I(y,zk)and (k=0)==>y =x".
I(y,z,k) and (k <>0)==>I(y*x,z,k-1)
Thay I(y,z.k) = (0<=k) and (y * z*=x") ba dkckc trén s& trd thanh :
(Phan chudnbi) (0<=n)==>(1*x"=x")and (0<=n) (hi€n nhién )
(Phan k&t thic lip) (y *z° =x")and (0<=k)and (k=0)==>y =x" (hién nhién)
(Phan thain vong lip) ( y * & =x" yand (O<=k) and (k<>0)
==> ((y*2)*z2"' = x")and (0 <= k-1)
= (y*z°=x")and (0<k)
==> (y*2* = x")and (0 <= k-1) (hién nhién)
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A Ale Lo , o A *A A oA p
3. Tap toi ti€u cac diéu kién can kiém chirng.

Mot 1dkc day dd trong d6 mdi 1énh déu dugc kém giita hai khing dinh 16 rang 1a
chi ti€t qua mifc. Thuc ra sit dung tri thifc clia ta vé cdc dkd y&u nhat clia nhitng 1énh
khdc 1énh lip, ta c6 thé mo td mot gidi thuat d€ sdn sinh ra mot chitng minh hoan chinh
theo ki€u Hoare vé tinh ding c6 diéu kién clia doan 1énh S dua trén diéu kién dau P
va di€u kién cudi Q, vdi gid dinh 1a mdi vong lip while trong S dudc cung cdp kém
theo bat bi€n ciia né.

Vé nguyén tic, mot bd chitng minh dinh 1y ty dong (theorem prover), v6i khd niing
ki€m chitng cic diéu kién c6 dang P ==> R c6 thé dugc diing d€ chitng minh mot cach
ty dong tdcdk cia 1 doan chuong trinh . Pi€m quan trong ma ta rit ra tif cic phin da
trinh bay 1a: phan c6t 16i trong mdt chiing minh vé tdedk 12 viéc phat hién ra cdc bat
bi€n va sau d6 viéc ki€m chitng cdc diéu kién ham y nhiim st dung luat hé qua.

Chiing ta khong mo ta gidi thudt d€ sin sinh cdc chitng minh ki€u Hoare, thay vio
d6, ta sé& triru tugng hod tif né qua trinh sdn sinh ra tap hdp cic diéu kién cin kiém
ching.

Xét mot doan CT batky v6i cdc dkd P va dkc Q. Ta s€ xay dung tir P, S va Q bing
quy nap mot diéu kién diu y&u nhit dua vao S va Q, ky hiéu Ia pre(S,Q), va hai tap
hgp cic diéu kién can ki€m chitng V'(S,Q) and V(P,S,Q) nhu sau :

1. N&u S1a lénh gdn x :=bt thi pre(S,Q)la WP(S,Q) va V'(S,Q) rong.
Tacla: pre(x:=bt,Qx))) = WPx:=bt,Q(x)) = Q(bt) va V'(x :=bt,Q) = .
2. Né&u S c6 dang S; ; S, thi pre(S,Q) 1a pre(S, pre(S,,Q)) va V'(S,Q) la hdi
clia
V'(S2, Q) va V'(S1,pre(S2,Q)).
Tic la : pre(Si; S2, Q) = pre(Sy, pre(S2,Q))
Va V'(81;8,,Q) = V'(S2, Q) U V'(Sy,pre(S2,Q)).

3.Né&u S c6 dang if B thenS; else S, thi pre(S,Q) Ia:

(B and pre(S;1,Q)) or (not B and pre(S,,Q)) va V'(S,Q) 1a hoi ctiia V'(S1,Q) va V'(S,,Q).

Tiacla : pre(if B then S; else S;,Q) = (B and pre(S;,Q)) or (not B and pre(S;
,Q)  Va V'(if Bthen S; else S;,Q) =V'(S1,Q) U V'(S,,Q).

4. Né&u S c6 dang while B do S; va I1a bat bi€n clia vong 1ip thi pre(S,Q) 1a I, va
V'(S ,Q) 1a hodictia VI and B, S;,I) va tip hgp chi gdm mdt diéu kién I and not B
==>Q.

Tacla :pre(S,Q) =1vaV'(S,Q) = VdandB, S;,I) u{Iand not B==>Q }.

5. Trong moi trudng hdp V(P,S,Q) 12 hoi clia V'(S,Q) va tap hdp chi gdm mot

diéu kién P ==> pre(S,Q).

Tdcla : V(P,S,Q) =V'(S5,Q) U { P==>pre(S,Q) }.

Cdc chic ning cua pre(S,Q), V'(S, Q) ,va V(S,P,Q) trong qud trinh nay dudgc mo ta
bdi cdc ménh dé sau :

(P1) N&u moi dkckc trong tip hop V(S,Q) déu diing thi S 13 dedk dwa trén dkd
pre(S,Q) va dkc Q. Tic1a : { pre(S,Q) } S { Q} ding c6 diéu kién.
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(P2) N&u moi dkckc trong tip hgp V(P,S,Q) déu diing thi S 14 dcdk dva trén dkd P
vidkc Q. Tacla: {P} S {Q } ding c6 diéu kién.

Tinh chdt (P1) ¢6 thé dugc chitng minh bing quy nap trén kich thuSc cia S, & day
kich thudc clia S ¢6 dugc bing cich d€m 12 1 cho mdi 1an xud't hién cdc ky hiéu "=,
"', 'if", 'while' trong S. Tinh chat (P2) 12 mot hé qud truc tiép cta (P1).

Chd y ring pre(S,Q) khdc v6i wp(S,Q) chi khi c6 1énh while. biéu nay xdac nhin
1a trong trudng hdp tong quét, khong cé khd ning tao 1ap mdt cong thitc déng cho
dkd y&€u nhat cda lénh while va nhdn manh tim quan trong clia viéc ghi nhin nhitng
tinh chat bat bi€n trong cdc suu liéu chuong trinh.

Vidu 1:Véi dictd gbm :

DAy lénhtudnty S : S= tg:=tg+alk];k:= k+l;
dkce Q =1k, tg) = (tg=SG:0<=1< k: a[i])
dkad P = I(k,s) and (k<>n)

Ta 4p dung cac buGe 1 va 2 dugc :
V'(S, Ik, tg))la rdong .
pre(S, I(k, g)) 1a I(k+1, tg+a[k])
tap cac dkckc
V(P,S,Q) =V(k,tg) and k <>n, S, I(k, tg)) chita mot diéu kién 1a
I(k,tg) and k <> n ==> I(k+1, tg+a[k])
Tacla: (tg = SG:0<=1<k:afi]))and (k<>n)
==>tg +alk] =S(i: 0<=i<=k+1:a[i]) (1)
Vidu 2 : Xét dic td doan chudng trinh tinh tdng cdc phin tf ctia mot array
{0 <=n}
k:=0;tg:=0;
{(Invariant ) I(k,tg) } = { tg=S@G:0<=1<k:a[i])}
while (k <>n ) do
begin
tg .= tg+alk]; k:= k+1;
end
{tg=S{:0<=1<n:ali])}
Tach doan chuong trinh thanh 2 nhém :
+ Nhém lénhtuanty : S, = k:= 0;tg:=0;
+Lénhwhile: W = whilek<>n do begin
tg:=tg+alk]; k= k+1
end
Theo quy tic 2, ta can tinh pre(W,Q) va V'(W,Q) vdi
Q = tg=S\:0<=i<n:ali])
Bay gid, dung quy tic 4,
pre(W,Q) = I(k,tg) = tg=S31G:0<=1i<k: a[i])
Ciing vay V'(W,Q) bao g6m V((k,tg) and k <> n, Sy, I(k,tg)) v6i S; 1a nhém 1€nh
trong vong lip, va diéu kién
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I(k,tg) and (k =n )==>tg=S3{:0<=1<n:a[i]) (2)
Cudi cling, ta c¢6 thé tim dugc
pre(S,, I(k,tg)) = 0=S(i: 0 <=1<0: a[i])
va tap hgp cic dkcke cho So bao gdm chi mot diéu kién
(0<=n)==> pre(S, I(k.tg)) 3)

Nhu vy, ¢6 3 dkcke cho CT, d6 1a cdc dicu kién (1), (2), (3).
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PHULUC
MOT SO KIEN THUC VE LOGIC

1. LOGIC TOAN.

Trong d&i s6ng hang ngiy, ngudi ta cAn c6 nhitng 1y ludn dé tir cdc diéu kién dudc
biét hay dugc gid dinh (cic tién dé - premises) c6 thé suy ra cic két ludn (conclusion)
ding. Hay xét21y ludnsau :

Ly luan (1): - Cdctiéndé :
+ Né&u hom nay trdi dep thi toi di choi.
+ Né&u t6i di chdi thi hdm nay vé tré .
- Gia thi€t : Hom nay trdi dep .
-kétludn : HOom nay toi sé vé tré .
Ly luan (2): - Cac tién dé :
+ N&u hdm nay rap hat khong déng cita thi tdi s&€ xem phim.
+ Néu t6i xem phim thi t6i s& khong soan kip bai .
- Gia thi€t : Hom nay rap hdt khong dong cira .
-kétluan : Hom nay toi sé& khong soan kip bai.
Hai 1y ludn trén 1a ding va c6 cung dang ly ludn. Ching ding vi ¢c6 dang ly luan
ding, bat ké y nghia ma ching dé cap dén.
Con ly ludn sau :
Ly luan (3) : - Cac tién dé :
+ N&u trdi dep thi t6i di chdi.
+ N&u toi di choi thi toi s& vé tré.
- Gij thi€t : Hom nay toi vé tré.
- k&t luan : HOm nay trdi dep .
12 1y ludn sai va moi 1y ludn dang nhu viy déu sai .

Logic todn hoc quan tAm dé€n viéc phan tich cdc ciu (sentences), cic ménh dé

(propositions) va chitng minh véi sy chi ¥ d€n dang (form) lugc béd di su viéc cu thé.

II. LOGIC MENH DE.

1. Phén tich
Phan tich 1y luan (1) ta thd'y né si¥ dung cdc ménh dé co sé sau :
. HOm nay troi1 dep
. To1 di choi
. Toi s& vé tré.
Mbi ménh dé (proposition) 12 mdt phat bi€u ding (true) hay sai (false).
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Biéu thi tugng trung 1an ludt cdc ménh dé trén bdi cdc tén A, B, C, ta ghi lai dang
1y ludn cda (1) nhu sau :
.Né&u A thi B 4)
.néu B thi C
Cé A kétluan duge : C
Pay ciing 1a dang 1y ludn cta (2) .
Thudng mdt phat bi€u sé gdm nhiéu phat bi€u nhd ndi két v6i nhau biing ciac lién
tr "va", "hay", "vivay " ,"kétquia 1a" ...
Mot ménh dé don (simple proposition) 124 ménh dé khong chita ménh dé kh4c.
Mot ménh dé phitc (compound proposition) 124 ménh dé dugc tao thanh tir hai hay
nhiéu ménh dé€ don .Viéc ndi két nay dude thyc hién bdi cic lién tir logic.

2. Cac lién tu logic.

ky hiéu ¥ nghia la
and va
or hay
not khong
==> néu...thi...
<==> ..n&u va chi néu...

Véi cdc ky hiéu nay, (4) c6 thé dudc viét nhu sau:
[ (A==>B) and (B==>C) and A ] ====> C
NEu A thi B va néuBthi C vi A Thi suyra C
Tic 1a ménh dé phtc hgp [(A==>B) and (B==>C) and A]==>C.
N6i chung mdt 1y luan s& dudce chuyén thainh mot ménh dé phirc v6i dang :
[ (tién dé 1) and (tién dé 2) and ... ] ====> kétludn.

3. Ynghia cuia céc lién tir Logic. Bang chin tri.

Céc lién tir ndi k&t cdc ménh dé thanh phan tao nén ménh dé mdi, ma tinh ding
sai cia né dugc xdc dinh tir tinh ding sai clia cic ménh dé thanh phin theo qui luat
dugc khai quat trong cdc bang gia tri ding sai sau day :
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p | 9 | pand g p orq p==>q p<==>q P |notP
F |F F F T T T
F |T F T T F T F
T F F T F F N
T |T T T T T

F T

4. Ly luin dang.

Mot 1y ludn cé th€ dugc bi€u dién bdi mét ménh dé phuc trong do céc tién dé dugc
ndi k&t véi nhau bing lién tir and va cdc tién dé ndi k€t v6i k&t luan bing lién tr

==>

DPinh nghia : Mot ly ludn 1a ding (valid) n€u va chi n€u véi moi bo gid tri (ding,
sai) c¢6 th€ cia cdc ménh dé thanh phﬁn, no ludn ludn ding (true)

Vidu 1: Ly luin (4) ding vi véi moi kha niing clia A,B,C ménh dé :

[ (A==>B)and (B==>C)and A] ==>C déu c6 gia tri ding.
Bang chan tri sau khing dinh diéu dé:

A B C [(A==>B) and (B==>C) and A]==>C
F F F [ T and T and F ] ==>F (T)
F F T [ T and T and F ] =>T (T)
F T F [ T and Fand F ] ==F (T)
F T T [ T and Tand F ] =T (T)
T F F [ F and Tand T ] ==>F (T)
T F T [ F and Tand T ] =T (T)
T T F [ T and Fand T] ==> F (T)
T T T [ T and Tand T] == T (T)

Viduy 2: Ly luan (3) 1a sai .
bit: A :hom nay tr6i dep
B : T6i di choi
C : Toi vé tré

Dangly ludn (3)1a: [(A==>B) and (B==>C) and C]==>A

12 sai vi v6i A, B False , C true thi ménh dé :
[(A==>B)and (B==>C) and C ] ==> A nhan gia tri False
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[[A==>B)and (B==>C)and C [J==>A

[ T and T and T]==>F

5. Tuong duong (Equivalence).

a) Dinh nghia:
Hai ménh dé P va Q dudc goi 1a tuong duong nhau (ky hiéu P Q), n€u ménh dé
P <==> Q lu6n nhan gid tri ding (True) véi moi kh4 ning ding sai cia cdc ménh dé
thanh phan .
Ta c6 thé chitng minh mot sy twong dudng biing cach 1ap bing chan tri .

Vidu: chingminh :p and ¢ = not(notp or notq).
Bang chan tri :

P q p and q not( notp or notq)

F F F not ( T or T )

F T F not ( T or F )

T F F not ( F or T )

T T T not ( F or F )

b) M¢t s6 tuong duong hitu ich.
(hay ching minh chiing biing cdch 14p bang chan tri)

C4dching : P or true = true
P or false = p
p and true = p
p and false = false
true ==>p = p
false==>p = true
p==>true = true
p==>false = notp
Luat loai trir trung gian : p or notp = true
Luit vé mau thuin p and notp = false
Luat phu dinh notnotp = p
Luat K&t hgp por(qorr) = (porgq)or r
pand(qandr) = (pandq)andr
p<==>(q<==>1) = (p<==>(q)<==>T
Luat giao hodn p andq = qand p
porgq = qorp

Tran Hoang Tho

Khoa Toan - Tin



Ky thudt lap trinh nang cao -700 -

p<==>q = (q<==>p
luat phan phoi : pand (qorr) = (p and q) or (p and r)
por(qand r) = (p or q) and (p or r)
Luit dong nhit : porp = p
pandp = p
Luat De Morgan : not(p or q) = notp and notq
not(p and q) = notp or notq
Luatham y : p==>q = notp or q
p==>q = notq==>p
(p and Q) ==>r) = (p==>(q==>1))
ludt n€u va chi néu : p<==>q = ((p==>q)and(q==>p))

p<==>q = ((p==>q) and (not p ==>not q))
p<==>q = ((pand q) or (not p and not q))

6. Tinh thay thé&, tinh truyén va tinh d6i xitng.
Khi 2 ménh dé P va Q la tuong duong thi ta c6 thé thay th€ cdi nay bdi cai kia
trong mdt ménh dé bat ky ma khdng lam sai tri cia né.
Ta c6 thé chitng minh tinh chdt ctia mot ménh dé bing cach bi€n d6i né thanh cic
ménh dé tuong duong.
Vi du: ta chiing minh ring (p and (p ==>q)) ==>qla motly ludn hgp logic bing
cdch bi€n ddi tuong duong.
(pand (p==>q)) ==>q = (pand(notporq))==>q (hamy)
= ((p and not p) or (p and q)) ==>q (phan phdi)
= (false or (p and q)) ==> q (mau thudn)
= (pandq)==>q (hing)
= not(pand q)orq (hamy)
(not p or not q) or q (De Morgan)
not p or (not q or q) (k&t hgp)
= notpor(qornotq) (giao hodn)
= notportrue = true
Quan hé "tuong duong" gitta cic ménh dé cé tinh :
+Phinxa: p = p

+D0i xting:néup = q thitaclingcé q = p
+Biccidu :nfup = qva q = r thitacliingcé p = .

7. Bai toan suy dién logic.

Xét bai todn : Trén hon dio c6 hai loai ngudi sinh sdng : quan ti va tiéu nhan.
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Quén t& ludn néi that va ti€u nhan ludn néi ddi. Mot ngudi hdi mot dan cu A trén
ddo : "c6 phdi anh 12 mot quan tr ?". A ddp :"néu t6i 1a quin tf thi tdi thua tién anh
". Hay chitng minh riing : A nhat dinh phdi thua tién.
Ta mo hinh hda bai todn nhu sau :
Pitcicménhdé P:Alaquantd. Q: A phditra tién.
K&t luan phai chitng minh 12 Q.
Khéo st gid thi€t clia bai todn:
+ Ménh dé khing dinh : " A1a ti€unhdn" 13 not P
+ A phat bi€u mot ménh dé S. gi thi€t cho bi€t : N&u A 12 quan ti¥ thi S phai
dingtdcla: P==>8S
+ N&u A la ti€u nhan thi S phai sai : not p==>not s
+ Slamdthaimy : " Né&u A 1a quin tif thi A phai trd tién".
Tabiuthi S bdi: p==>q
Nhu vay tién dé 12 : (P ==>S) and (not P ==>not S)
theo luat tuong duong (k) ta c6 thé vit1a : P <==>S.
Bai todn dugc phat biéu dudi dang thuan tuy logic nhu sau :
Cho tién @& P <==> (P ==> Q)
C6 th€ suy dién dugc k&t luan Q khong ?
Ta sé& xdc 1ap riing (Iy ludn trén 1a ding) ménh dé (P <==>(p ==> Q)) ==>Q
12 ding véi moi bd gid tri ding sai cia cic ménh dé thanh phin .
C6 haicach: (a) Diing bang gid tri ding sai .

P Q (P <= (P=>Q)) == Q

T T (T <= T ) => T
F T ( F <==> T ) => T
T F (T <==> F ) ==> F
F F ( F <==> T ) ==> F
(b) Dling céch thay thé€ biing cic ménh dé tuong dudng .
P<==>P=>Q) = P<==>motPorQ) (hamy)

= [(Pand (not P or Q)] or [not P and not (not P or Q )]
(tuong duong)
ma not P and not (not Por Q) = not P and (not not P and not Q)
= not P and ( P and not Q)
= (not P and P) and not Q

= falseandnotQ = false
va Pand (notPor Q) = (P andnotP) or (P and Q)
= false or (p and Q)
= PandQ
NhuviyP<==>P==>Q) = PandQ

Tir d6 [P<==>(P ==>Q)] ==>Q = (P and Q)==>Q
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not (Pand Q) or Q
(notP or notQ) or Q
not P or (not Q or Q)
not P or true = true

Véi cdc bai todn chi lién quan dé&n it ménh dé nhu trong vi du trén, cich ding bdng
chin tri don gidn hon . Nhung nén cd ging st dung cich bién ddi twong duong, bdi vi
4p dung thyc tién ctia n6 13 16n hon nhiéu.

8. Cic luét suy dién (rules of inference).

Tuong tu nhu bai todn & muc trén, trong nhi€u linh vuc, ngudi ta can phdi xud't phat
tif mot tip hop cdc tién dé, va tim cach khing dinh mot k&t luan c6 phaila hé qua cia
céc tién dé d6 khong ?

Céch gidi quyét 12 ngudi ta xay dung cho linh viic 6 mot hé thdng céc tién dé
(axioms), tic 12 cdc khing dinh dugc xem nhu duong nhién ding (valid) vd mot tap
hdp cdc luit suy dién (rules of inference — tp cdc qui tic cho phép xay dung céc
khing dinh diing mé&i xud't phat tir cdc tién dé va cdc khing dinh di ¢6 ) .

Trong khung cidnh nay, mot khing dinh dugc thiét 14p nhu viy dugc goi 1a mot dinh
ly . Mot chitng minh hinh thic (formal proof) 12 mot diy c6 thit ty clia cdc khing dinh,
ma mdi khing dinh hoic 1a tién dé, hoic dugc suy dién tir cdc khing dinh di trudc,
bing mot ludt suy di€n nao do.

a) Hé luit suy dién ctia Gentden cho logic ménh dé. Trong @6 mdi luit suy dién sé&
dugc vitduSidang:  S;.S,... ..S,

S
dién ta n€u da c6 cdc ménh @& dang Sy, S,..., S, thita cé thé suyra S

Cac luat thém vao Céc dinh luat loai bd
and_1I and_E
p.q p and q p and q
p and q p q
or 1 or E
p q porgq,[plr,[qlr
p or q p or q r
[p] q p.p==>q
p ==> q q
not_1I not E
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p .not p false not not p
[p] false -
false p p
not p <==>_E
<==>_1 p<==>q p<==>q
p==>q, q==>p - _
p<==>q p<==>(
p<==>(q

Céc luat dudc chia lam cac ludt thém va cdc luit loai b6 : Cdc luat thém vao cho
phép suy ra mot khing dinh mdi trong d6 c6 xuat hién thém mot lién tir logic. Con cic
ludt loai bd thi loai bd mot lién tir logic.

Luit and_I néi ring néu c6 thé chiing minh dudc p va q thi ta suy dugcrapandq .
Luat and_E néi ring néu chitng minh dugc p and q thi ta suy dudc tirng thanh
phinpvaq.

Luat or_E st dung 3 tién dé : da c6 por q , néu gid dinh p ddng thi chi’ng minh
dudc r, néu gid dinh q ding thi chitng minh dudc r. khi d6 luit ndy cho phép két
luan r ding. DAy chinh 12 phin tich theo trudng hop (case analysis) vaAn thudng dudc
dung trong 1y ludn hang ngay .

Luat ==>E thudng dudc goi 12 modusponens (tam doan luan). N6 néi ring cé q
néu chitng minh dudc p va p==>q_.

Luat not_I néi ring n€u xuat phat tir gid dinh p ma c6 mau thuin thi cho ta két
luinnotp .  Cung vé6i ludt nay , cAn bS sung thém ludt vé loai trlf trung gian _true

p or not p
dugc phat bi€u nhu tién dé (tdc 1a luat suy dién khong cin tién dé).

IIL. LOGIC TAN TU.

1. Khai niém

Trong logic ménh dé , mdi ménh dé cé gid tri xac dinh hoac 1a T (ding) hodc la
F (sai) . Trong thuc t& ngudi ta hay gip va cin lam viéc vdi nhitng khing dinh ma tinh
diing sai cia né phu thudc vao cdc ddi tugng thuc sy dugc thay thé .

Vi du xét phat bi€u sau: “x 13 sd nguyén t& «.

Goi ménh dé nay 1a P(x), ddy 12 mot ménh dé ma tinh didng sai cia né chi
dugc x4c dinh hoan toan khi ta "thé" mot gid tri hing cho "bi€n" x.

Vidu P(5)1a T (ding), P(6)1a F (sai) .

Trong logic tAn tir , ngudi ta phat bi€u cic ménh dé€ bing cich sit dung nhitng
khai niém sau:
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a) Cdc hiing: 1a cdc d6i tugng cu thé ton tai trong linh vi'c ma ngudi ta dang
khéo sat .

Vidu : + Cdc hiing s6 5,6,10.2,...

+ Cdc hiing logic T(dtng) , F(sai)
Trong trudng hgp tdng quit ,ngudi ta thudng dai dién cho cdc hiing bing cédc

chit c4i vi€t thudng & dau bing tr vung: a,b.c...,a; by, cy,...

b) Céc bién (Variable): Id cédc tén tugng trung . Mdi bi€n dudc 4n dinh mot
mién gid tri 13 tdp cdc ddi tudng ma nd c6 thé nhan.

Vi du: + Céc bi€n s6 nguyén n,j,k,...vdicdc tdp trila cédc tp con cla
tap s6 nguyén Z .

+ Cé4c bi€n s thuc X, y, z,. v6i cédc tAp tri 1a cdc tAp con cia tap sO
thuc R .

+ C4c bi€n véc t6 V, W, . . . v6i cdc tap tri 1 cdc tAp con clia tap tich
PéCic RXRXRX..XR (R")

Thudng diing cdc chif cdi vi€t thudng & cudi bang tir vung dé€ biéu thi cdc bién :
X,YsZyenX1 Y1 5Z1 5... T dAy vé sau ,mdi bi€n n€u khong dugc néi ré déu duge xem la
bién nguyén .

c) Cé4c todn tf (Operotors , hay ham (functions)) 1a cdc 4nh xa tit cdc tap hgp doi
twgng vao cédc tip hop doi tuong trong linh vuc dang khdo sat. Ta sé thudng dung
cictodan ti toan hocsau: +,-,* ,/ ,div , mod

Mot todn tif ¢6 thé c6 mdt hay nhiéu todn hang (ngdi) .

Vidu : + Toén tit "d6i" (bi€u thi bdi -) 12 mdt ngdi : -x
+Todntd - ,+, -, * ,/, div, mod 1a haingdi:2+3,x *y
d) Cac ham logic hay cédc tan tu (predicates) . P 1a cdc dnh xa tu tdp hdp céc
doi tugng vao tip boolean ({true,false}, ta s& thudng diing cdc tan tir 1A cdc quan hé
todn hoc nhu sau :
+ Cicquanhé€ sosinh: =, <>, >, >= <, <=
+ Cécquanhé tiphdp : <, D,...
+ Cdc quan hé khdc : odd(x) kiém tra xem x c6 1& khong ?
even(x) kiém tra xem x c¢6 chin khong ?
e) Cdc lién tir logic : ddy la cédc todn tf trén tdp boolean ma ta gip trong logic
ménh dé: and, or, not, ==>, <==>.
f) Cac lugng tif phd dung V vatdntai 3 (s& ndird & muc sau)
Céc bién logic , cdc tAn tit trong d6 c6 chita cdc hiing hay bi€n hay ham dudc goi
la cdc cong thic co s§ (formule elementaire)
Vi du : Cédc cong thic co sG
- Bi€n logic : hom-nay-trgi-dep , tdi-vé-lic-8-gid ...
- tan tw :5>2
Xx>5
x+5>y-3
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TU cdc cong thiic cd s§ nay,ngudi ta cé thé thanh 1ap cdc cong thic phic hop
(formule complexe) biing cdch ndi két ching ding cdc lién tir logic va cdc lugng i
. M&i cong thitc phitc hop c6 thé xem 13 mot tin tir m&i.

Vi du : Cong thuc phitc hgp

a) Hom_nay_trdi_dep and x>y
b) x>y ==> x>z

2. Cac lugng tu logic
Ngoai cdc lién tir logic , ngudi ta ¢6 thé tao ra cic cong thiic phitc hgp bing cich
gidn véi cdc cong thic cdc lugng tir logic .

a) Luong tit phé dung.
D€ néi ring mdi phan ti clia mot tip déu cé tinh chiat P ta dung luong ti phd
dung V (docla vGimoi).
Vi du d€ néi ring titcd cac phdn ti cda array a 1a khong Am ta viét :
V (i:0<=1i<n:al[i]>= 0)
Biéu thiic nay dugc doc nhu sau :

v (i V6i moi (sd nguyén) i
:0<=i <n sao cho indm giita 0 va n-1
rafi]>=0 thi a [i] 1a khong 4m

Dang chung : V (danh sich bi€n : R : P)
V6i @ Ra tan tir han ch€ tAp hdp dugc xét trong khong gian dinh bdi danh sich
bi€n, P13 tAn tif ma mdi phan tif trong tAp dugc xét phai thoa.
Ménh dé phé dung chi diing khi moi phan ti¥ trong tap xdc dinh bdi R déu thoa P.
Vidu: Cho a la array [0...n-1] of Integer
- Khing dinh : "a [k] 12 phan t& 16n nha't trong array"
V(i:0<=1i<n:al[k]>= a[i])
- Khing dinh : "cdc phan tif cda a tao thanh cAp s6 cong b,b+d, b+2d, . .
V(i:0<=1i<n: a[i]=b+i*d)
- Khing dinh : "a dudc sip theo thit ty khong don gian" :
V(i,j:0 <=i<n and O0<=j<n:i<j==>ali] <=a [j])
néu R =true, tacé thé béd qua: V (d:: 0=d*0)
b) Luogng tir ton tai.
D€ khiang dinh ¢6 mot phin tif clia tAp hgp c6 tinh chit P ta dung lugng tir ton tai
3 (docla:* c6 mot“hoic “tdntai®).
Vi du : d€ khiang dinh c6 gia tri x trong array a ta viét :
dGli:0<=i<n:ali]=x)
Biéu thiic nay dugc doc nhu sau :

3aG ton tai mot (sd nguyén) i
:0<=i<n sao cho indm giita 0 va n-1

Tran Hoang Tho Khoa Todn - Tin



Ky thudt lap trinh nang cao -706 -

cafil = x thod diéu sau a[i] bing x
Dang chung 12 : 3(danh sichbién:R:P)
Ménh dé tdn tai chi diing khi c6 mot phan tif trong mién x4c dinh b&i R thod P.
khi R =true thi ta c6 th€ vi€t : I(danh sich bié€n :: P)
Vidu : cho hai arrayava b
- Khéng dinh :"trong array a khong c6 tht ty ting"
Jd(i:0<=i<n-1:a/[i]>al[i+l])
- Khéng dinh : "c6 it nhaAt mdt phin tif ctia a 16n hon moi phan ti¥ ctia b"
(i:0<=i<n: (j:0 <=j<n:ali] >b[j]))
- thmg dinh "n 1a chidn" : d(m :: n=2*m)
c) Mot sé'tinh chat:
- i:R:P) = (@G:RandP)
- (i:R:P) = not(: RandnotP)
- (i:R:P)= not (i:R:notP)
d) Cdc bién tu do va bi bujc (free and band variables), phép thé(substitution)
Trong bi€u thitc Q(i: r(i) : p(i)) (6 ddy taxét Qla V hay I ) bi€ni dudc goi
1a bi budc (band) vao lugng tr Q .
Nhitng xuat hién cia mdt bi€n i khong bi budc vao mot lugng tif nao d6 trong
biéu thic R,dudgc goi la tw do (free) trong R.
Vi du trong bi€u thitc: 3(d:p=q*d)
cdc bi€n p va qla tr do , con bi€n d 1a bi budc . Céc bi€n bi budc chi déng vai trd
"giit chd" va c6 thé dugc ddi tén , n€u tén nay khong tring véi mot bién ty do da cé.
Vi vay , bi€u thiic trén tuong dudng vdi :
J(m :: p =qg*m) nhung hoan toan khdc véi: (p :: p=q*p)
V& nguyén tic , mot tén bi€n c6 thé vira ty do va bi budc trong cling mot biéu thite

Vidu : Trong bi€u thic V ( O<i)and (i:0<=i <n:ali]=0)
xudt hién tht nhat cdaild twv do, con xuathién con laila bi budc.
Mic di ¥ nghia ctia bi€u thic 12 16 ring nhung nén tranh vi dé gdy nén 1dm lin .
Xét mot tan tir chita bién tu do .
Vidu: is-divisor(q) 3 (d::p=q*d)
Ta c6 thé thay cdc xudt hién ty do cda mdt bi€n bing mot biéu thic d€  dugc mot
tan to mdi.
Vi du: th& 2*q cho q ta s& dugc tin tir is-divisor(2*q) ma dang bi€u thitc cia n6
Ia : 1s-divisor(2*q) 3 (d::p=(@2*q)*d)
Chd y ring trong 3 (d:: p=g*d) bi€n p ciing tv do, nhung vi ta khdng quan tim
dén phép thé cho p nén trong tin tir is-divisor(q) ta chinéu q dé gidm bét di cac chi
ti€t khong can thiét trong dién gidi.
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3. Tap hop va tan tu.

Mbi bi€n c6 thé 14y gid tri trong mot tip hdp xdc dinh . Tap tri ma mot diy cic
bi€n c6 thé nhan dugc 1a tich Descarters cdc tap tri cia tirng bi€n .

Ung v6i mot tAn tr  P(i), véiila (danh sdch) bién ty do ma mdi phép th€ i bing
mot hiing sé& cho gi4 tri ding hay sai, ta c6 mot tdp hgp tdt cd cdc ham ma phép thé
itrong P cho gid tri ding .

ky hiéutap do 1a: {i:PQ) }

Vidu: {i:i>=0} "tpcdc (sd nguyén)isao choikhdng am"

{1):1<)} "tAp cédc (sd nguyén) i,j sao cho i nhd hon j"
Ngugc lai tng v6i mdi tip S, ta xAy dung tan tir dic trung cho S do la:
Pi)=(ie S)

Gitra cdc phép todn tap hgp va cdc phép todn logic c6 quan hé chit ché.
{1:P@) or Qi) } ={i:PO)} U {1:Q0) }
{\i:P(i) and QG) } = {i:PA)} N {i:Q0)}
Phan t& trung hoa cia phép todn giao : tip vii tru (tich Descarters cila cdc tip tri
tng vGi cdc bi€n trong danh sidch bi€n) ing véiichinhla: {i:true }
Phan t trung hoa ctia phép todn hoi 1a : {i:false }

4. Cac lugng tir s6 hoc.

st dung y tuéng clia V va 3 ta dit thém cdc lugng tir s6 hoc dé€ don gidn hod
cach viét va d& dang 4p dung ciac phép bi€n ddi .
MBOi lugng tif sau s& biéu thi mdt haim s& hoc :
- Lugng tir tdng S (sumation)
S(1i:r(i): f(i) ) chinhla Z f(i) véiichay trén tdp hgp thod r(i)
|

- Lugng tur tich P (product)
P(i:r(i): f(i)) chinhla H f(i) vGiichay trén tip hdp thod r(i)
i

Qui uéc :
S(i: false: f(i) ) =0
P(1i: false: f(i) ) =1
- Lugng tt MAX va MIN
MAX (I: r(i): f(i)) 1a gi4 tri 16n nhat cda f(i) trong c4c i thod r(i).
MIN (I: r(i):fi) ) 12 gi4 tri nhd nha't cla (i) trong cdc i thoa r(i).
Qui uéc :
MAX (i: false: f(i) ) =- o©
MIN (i: false: f(i) )= o©
- Lugng tr N
N (i:r(i): P(i)) sO gid tri i trong mién r(i) thod P(i)
Tacla: N (i:r(1): P(1)) = S@G: r(1) and p(i): 1)
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MOdi lugng tf ma ta xét ngoai trit N la sy khai quat cda cdc phép todn hai ngdi
c6 tinh giao hodn va k&t hgp thanh phép todn trén mot tap bat ky.
Vidu:
S la khai quét cia phép cong (+ ), P 1a khdi quat cia phép nhan ( *).
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